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New developments in science and industry are aided by accurate knowledge of the
pehavior of important substances. The great abundance of chemical processes and com-
pounds in which hydrogen is involved make it of particular interest. The experimental
and derived data presented here for hydrogen extend over a large range of temperature.
Low temperatures are required for the liguid and solid, and moderate and high temperatures
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occur in chemical reactions.

F The available thermal data for Hy, HD, and D; in solid, liquid, and gaseous states
have been brought together, including the distinctive properties of ortho and para forms
of H, and Ds. Some data not previously published have been added. The thermal data
inelude thermodynamic functions for the ideal gas state, equilibrium constants, data of
state, viscosity, and thermal conductivity with dependence on the pressure, vapor pressure.
solid-liquid equilibria, specific heats, and latent heats. Values of state derivatives useful
in thermodynamic calculations have been given for normal hydrogen, and the related dif-
ferences between thermodynamic functions for real and ideal gas states have been evaluated-
A temperature entropy diagram for normal H; in the range of experimental data is also
given. The compiled thermal properties of hydrogen are presented in 38 tables, 33 graphs,
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and numerous equations. The sources of the data have been given in an extensive

bibliography.

I. Intreduction

It was recommended by the National Research
Council Committee on Thermal Data for Chemi-
cal Industries '2 and by others that the thermal
data on substances of industrial importance
should be reexamined with the intention of pre-
paring consistent tables of thermal data of especial
interest to chemical engineers and investigators.

In this paper thermal data on hydrogen in its
various isotopic and ortho-para modifications are
compiled and correlated. Data on properties of
the gaseous, liquid, and solid states are presented
in tables and graphs, and by use of formulas.
Thermodynamic properties are given for the ideal
gas state. In addition, tables based on the PVT
data for the real gas furnish the additional infor-
mation required for the calculation of the thermo-
dynamic properties of the real gas. For the con-

! Division of Chemistry and Chemical Technology, National Research

Couneil,
? . Russell Bichowsky, Chairman, 1938 to 1947.
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densed phases, directly observable properties are
given. Because of the industrial importance of
flow and heat-transfer problems, correlations of
viscosity and of thermal conductivity are in-
cluded and their dependence upon pressure dis-
cussed briefly. A number of topics are discussed
in detail to explain the fundamental principles
involved. Most of the data included were taken
from published papers. However, a small pro-
portion are based on unpublished measurements
made at the Bureau.

The following are the symbols and values of
physical constants and conversion factors used in
this paper.

1. Symbols

Many symbols that are not used extensively in
this paper have been omitted from this list.

A, constant in an equation for a PVT isotherm.

B, second virial coefficient in equation of state of
gas.

B,, rotational spectroscopic constant.
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b, b, constant in an equation for a PVT isotherm;

also, a constant in an equation of state.

C, C, constant in an equation for a PVT isotherm;
also, the Sutherland constant in a viscosity
formula.

(', constant in an equation for a PVT isotherm.

C;, molar heat capacity (molar specific heat) at

constant pressure for ideal gas.

C,, molar heat capacity (molar specific heat) along

a saturation curve.

C;, molar heat capacity (molar specific heat) at

constant volume for 1deal gas.

¢, ¢, velocity of light; also a constant in an equa-

tion for a PVT isotherm.

¢;, radiation constant he/k.

D,, rotational spectroscopic constant.

E; a thermodynamic function, internal energy per

mole.

E°, E for a substance in the ideal gaseous state.

E;, E° at the absolute zero of temperature when

for each molecule the energy associated
with internal degrees of freedom is at its
lowest quantized value.

F, a thermodynamic function, molar free energy
F=E+PV—-TS.

F°, F for a substance in the ideal gaseous state at

a pressure of 1 atmosphere.

F,, rotational spectroscopic constant.

F,;, or F, term value.

f, a thermodynamic function, fugacity.

@,, vibrational term value.

g, statistical weight of a quantum level.

H, a thermodynamic function, molar heat content
or enthalpy, H=E-+PV.

H°, H for a substance in the ideal gaseous state.

H,, rotational spectroscopic constant.

h, Planck’s constant.

1, nuclear spin.

J, rotational quantum number.

K, equilibrium constant.

k, k, Boltzmann constant; also,
ductivity.

L,, latent heat of vaporization.

M, molecular weight.

m, reduced mass for molecule.

N, total number of molecules considered.

N,, number of molecules in a given quantum level.

Ny, Avogadro’s number.

P, pressure.

P., pressure at the critical point.

thermal con-
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P,, pressure of 1 standard atmosphere, 1.01325%

-10% dynes cm™2 by definition.

p, momentum corresponding to generalized co. :

ordinate g¢.

g, & generalized coordinate.

R, molar gas constant.

r, atomic separation.

r., atomic separation r for minimum potentia]
energy.

S, a thermodynamic function, molar entropy.

8°, S for a substance in the ideal gaseous state at

a pressure of 1 atmosphere.

T, absolute temperature on the Kelvin scale.

T., temperature T at critical point.

Ty, Kelvin temperature T of the ice point, that is,

of 0° C.

U, intramolecular potential energy.

Uy, ratio of mean free path lengths for diffusion

and viscosity.

V, molar volume.

V., molar volume at the critical point.

Vs, molar volume of gas at 1-atmosphere pressure

and the ice point.

vy, olar volume of liquid at zero pressure.

v, vibrational quantum number.

Z, abbreviation for PV/RT.

v, ratio of specific heats, C,/C,.

¢, energy for a quantum state.

7, viscosity.

0, a characteristic Kelvin temperature [or a
crystal lattice in Debye’s theory of specific
heats.

A, length of mean free path.

&, Joule-Thomson coefficient.

¢, fractional increase in atomic separation beyond
that for minimum potential energy.

p, density in Amagat units.

o, a correlation function for PVT data.

x, & function in one equation of state.

®, a correlation function for PVT data.

2. Values Used for Some Physical Constants and
Conversion Factors

(Numbers in parentheses refer to the references given

below)
¢ (velocity of light=2.99776X 10" cm sec™ (1)
.. he NQ;ZC R
¢; (radiation constant)r—?: B :=1.4384 m

deg (2).
h (Planck’s constant=6.624 X 10% cm sec (1).
N, (Avogadro number)=6.0228 X 10% mole~* (1).

Journal of Research

e e L Ll

|




It

Lol 4

s A L

P, (pressure of standard atmosphere)=1.01325X
10¢ dynes cm™? (3).
R (molar gas constant) =Ny =8.3144 107 erg
mole™! deg™! (1).
=1.98714 thermochemical cal mole™ deg™! (4).

T, (Kelvin temperature of ice point)=273.16° K

(5).
Atomic weight of hydrogen (H') on chemical

scale=1.000786 (1).

Atomic weight of deuterium (D or H?) on chemical
scale=2.01418 (1). _
1 thermochemical calorie=4.1833 international

joules (5).

1. international joule (NBS)=1.000165 absolute

joules (6).

(1) Raymond T. Birge, Rev. Modern Phys. 13, 233
(1941).

(2) Birge's value (Rev. Modern Phys. 13, 233 (1941))
adjusted for later NBS value of the ratio international
coulomb/absolute coulomb=0.99985; see also reference (7).

(3) Definition.

(4) Birge’s value (Rev. Modern Phys. 13, 233 (1941))
adjusted to thermochemical calorie and NBS value for
ratio international joule/absolute joule.

(5) Definition.

(6) NBS Technical News Bulletin 31, 49 (1947).

(7) R. W. Curtis, R. L. Driscoll, and C. L. Critchfield,

|} Research NBS 28, 133 (1942).

1I. Thermodynamic Properties for the
Hydrogens in the Ideal Gas State

1. General Principles of Calculation

For a gas in a state of extreme rarefaction the

_energy of Interaction between molecules forms a

minute part of the total energy of the gas. At
such low pressures the thermodynamic properties

" of the gas may be calculated from the spectro-

scopically determined energies of the single mole-
cules and the general physical constants without
considering the energy of interaction of one mole-
cule with another. Some thermodynamic prop-

" erties, as for example molar entropy and free

energy, do not approach a definite value as the
pressure of the gas goes to zero. For this reason,
values of thermodynamic functions of & gas at low
pressure are often indicated by giving values for a
pressure of 1 atm for a fictitious ideal gas having
in the limit of low pressure the same thermody-
namie functions as the actual gas. The result is
then said to be for the gas at a pressure of 1 at-
mosphere in the hypothetical ideal gas state.

Data of state may be used to calculate the differ-
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ences between properties in the real and ideal
gas states.

The procedure for calculating the thermody-
namic properties of a substance in the ideal gas
state has been discussed by many writers [3, 30,
31, 32]8

In outline, it involves the following ideas: The
average number 7, of molecules in a quantum
state of energy e, is related to the average number,
ns of molecules in another state of energy e; by the
Boltzmann distribution law

nl/’nzze‘cl/kT/e—ezlsze—(er‘eg)/kT’ (21)

where k is the Boltzmann constant, and 7 is the
absolute temperature.

As there are often several states having the same
energy, the number of molecules in a given energy
level *is also proportional to the number of states,
g. If N, Ny, N;, . . . are the numbers of mole-
cules in the levels e, €, €, . . ., respectively, the
number of molecules in any one level is

_ Ngje-e,‘/kT :Afg]_e—e,'/kT)
1T gre AR T gt S gl T
i

(2.2)

where N, the total number of molecules being
considered, is equal to =N,. If properties are to
be expressed on the basis of 1 mole, IV is taken
equal to Avogadro’s number, N,.

The quantum states are specified by means of
quantum numbers, the integer values which
certain natural variables have when a molecule
has a stationary value of energy. The magnitude
of the energy is generally expressed in terms of
these numbers. In diatomic molecules, the quan-
tum numbers of interest are .J, the rotational
quantum number, K, the rotational quantum
number apart from spin, and », the vibrational
quantum number. The electronic state is also
similarly quantized, and quantum numbers ap-
propriate to it may likewise be assigned. The
nuclear spins of the two constituent atoms are
designated by 1, and ;. In terms of these num-
bers, the statistical weight, g, of a level of a dia-
tomic molecule composed of unlike atoms, as for
example HD, is ¢,(21,4-1)(24,+1)(2J+1), where
g. is the weight of the electronic level of the mole-

% Figures in brackets indicate the literature references at the end of this

paper.

+ The term stafe is used in the sense that two states differ if any of all the
quantum numbers associated with the states are different. The term level
is used to express the idea that the energy has a definite value. The statistical
weight, ¢, of a level is the number of states huving the energy which define
the level. A level with more than one state is said to be degenerate.
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cule. The ground electronic level of HD, and of
H; and D,, also, is a singlet state, and accordingly
geis 1.

The proton and deuetron spins are % and 1,
respectively. For diatomic molecules composed of
like atoms, as for example, H, and Dj, there is a
division of the rotational levels of the molecule into
two groups referred to as the ortho and para series,
one of which is composed of the even numbered
and the other of the odd numbered rotational
levels. Ordinarily, transitions between ortho and
para levels are relatively rare, so that the gas can
be considered as a mixture of two distinet com-
ponents. The high temperature equilibrium mix-
ture of the two forms is called the normal mixture,
and the more abundant component of the normal
mixture is called the ortho component. The sta-
tistical weights of the two series depends upon the
quantum statistics applicable to the nuclei. For
H, it is the Fermi-Dirac statistics, for D, the
Bose-Einstein statistics.

Fermi-Dirac statistics:

g (para series, even J’s) =

ge (2i+1)i2J+1)

2.3)
g (ortho series, odd J’s) =
ge 21+1)(+1)(2J+1)
Bose-Einstein statistics:
g (ortho series, even J's)=
ge 20+1)(E+1)(2J+1)
(2.4)

g (para series, odd J’s) =
ge (21+1)i(2J+1)

The energy per mole due to molecular rotation
and intramolecular vibration is

N()Egjéje- «/kT

Ev+r:ENj€J= Sg,e it T ’

(2.5)
where the ¢'s are the energies of the rotational-
vibrational levels relative to the lowest energy
level of the molecule. The translational energy,
3/2 NokT or 3/2 RT, is added to this to get
E°—E, the total internal energy per mole for
the ideal gas above the chosen zero in which there
would be no translational energy and each mole-
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cule would be in the lowest energy state available
to any form of the molecule.®

) —e;/kT
~g€e6

EO—E3=3/2 RT+N, W (2.6)
j

The superscript zero is used to indicate the ideal
gas state. .

The enthalpy E°, the specific heats C; and (7, -
the entropy S°, and the free energy F° for the -
ideal gas state are derivable in accordance with
familiar methods of thermodynamics from (1) the
internal energy E°—Ej;, (2) the equation of state
PV=RT, and (3) the translational entropy S, of
an ideal gas of molecular weight M. The equa-
tions for these properties as functions of (e;/k7T)
are

2g,(e/k T4
O

E°—E,
RT

+§' (

®)
IN|
!

g, l*T
R&

H°—E, E°—E;

_ 0
ET ~ RT U

oo SOefkTYe T 13g (e kT)e s T\

2o J N 2,

R~ Zge«iT 2
j

(2.8)

g T
j

(2.9)
%’Z%"-I-l' (2.10)
o 2gy(eilkT)e™ "™ o

§=ln ?9;6""”‘T+]nge-e7kr—_+ﬁ' (2.11)
S 5 o3RI 5
H=2In T+ 3210 M-In(P/Py +1n STk
(2.12)

83_3 | (QTR)S/Z é.

F—§111T+3/2lnlll+an71n NG )
(2.13)
F°—E; H°—E;—TS° o ey, 5 S
T 0 R?Z’ =—In 79,-6 A i
(2.14)

§ Accordingly for orthohydrogen and paradeuterium I is not the internal
energy at 0° K. For these substances at 0° K the internal energy above the
chosen zero (J=0, p=0) is the rotational energy per mole of molecules in th¢
rotational level J=1. At 0° K internal energies of normal hydrogen and
normal deuterium are respectively three-fourths the internal energy of
orthohydrogen and one-third the internal energy of paradeuterium.
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In eq 2.12, £ and P, are the pressure of the gas
and standard atmospheric pressure, respectively,
with both expressed in dynes cm~™ The ratio

{ " P[P, is the pressure expressed in atmospheres.

For & monatomic gas in which the ground state

s so far below the others in energy that it alone

makes appreciable contribution to the state-sum,
5.916’—5"/”’ eq 2.7 to 2.14 are simplified consider-
;bly. With ¢, the energy of the ground state,
taken as zero, the state-sum reduces to the con-

stant g1 :

As a result, (E°—EQ)/RT=3/2; (H°—Ey)/RT=
5/2; CyB=3/2; Cp/R=5/2; S°/[E=In g+ SR,
and F°—EQ)/RT=—In g,+5/2—S7/E. When the
nuclear spin is included, ¢, contains (2¢41) as a

_ factor.

Normal hydrogen is a mixture 75 percent of

" orthohydrogen and 25 percent of parahydrogen,

and normal deuterium 66% percent of ortho-

deuterium, and 33% percent of paradeuterium.

The molar entropy and free energy of a mixture of

ideal gases present in the mole fractions z;, 2,
. are

Smmumzzxjs°j—szj ln T (2 15)
j j

Fmi,tu,,,:fzijoj—}—Rszj ].n :Ej, (216)
i j

where S°; and F°;, the molar entropy and free

energy of the ideal gas 7 in a pure state at the
pressure of the mixture, are given by eq 2.11 and
2.14, using eq 2.12 for the evaluation of S°.
The summation —RZz; In 2,is called the entropy
of mixing. Using eq 2.13 for the evaluation of

- 8, and setting V equal to the molar volume of the

constituent, that is, the volume of the mixture
divided by the moles of constituent present, is

" equivalent to using partial pressures in eq 2.12,

in which case the entropy and free energy of the
mixture are equal simply to =z,8°; and Zz,;F°,.

2. Energy Values From Spectroscopic Data

The values of ¢; to be used in evaluating the
equations of the preceding section are derived
from analysis of molecular spectra. In general
banded electronic absorption and emission spectra,

infrared, rotation-vibration absorption spectra,

and Raman spectra are considered. But as the
H, and D, molecules have no electric dipole
moments in their normal states, they have no
rotation-vibration absorption spectra. Similarly,
no such spectra have been observed for HD,
although lack of symmetry permits it to have a
very weak dipole moment.

The spectroscopic energy level data for hydrogen
are represented by a series in which the energies
of the levels relative to the ground level, »=0,
J=0, divided by hc are expressed as a function of
the rotational and vibrational quantum numbers
J and v, see eq 2.17. The quantity e;/hc is called
the term value of the level and is designated by
the symbol F. Term values are determined
experimentally from differences between the wave
numbers of spectrum lines and are expressed in
terms of reciprocal centimeters as a unit. Here
F,,; is the term value for the level v, J; Fy,, for the
ground state being zero.

Up to 25,000 cm™, the term values on which
tables 4, 7, and 8 are based, can be represented by

Fo;=G,— G+ B J(J+ 1)+ DJ*(J+1)*+
FJ(J+1P+HJ(J+ 1)+

(HoJ*(J £ 1))

FRJF1—HJJ+ 1Y (2.17)

where the subscripts used indicate the quantum
numbers on which the different symbols depend
for their values.

The functions @,, B,, D,, F,, and H, for H,, HD and D, are as follows:

FOI' H2 :

G,=4405.3(v+ %) —125.325(v+%)*+1.9473 (v+%)*—0.11265(v+ %5)*

B,=60.8483—3.06635(v+ %) +0.068361 (v+ 1%)2—0.0065 (v + %)*

D,=—0.046435-+0.0014904 (v+ %) — 0.000063648 (v+1)?

F,=4.93203 X107°+0.02800 ¥ 1075(v+ %)
H,=—6.7217X107*

Properties of Hydrogen
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For HD:

G,=3817.09(v+ %) —94.958 (v+15)2+1.4569 (0-+ %)3— 0.07665 (v+ %" \

D,=—0.02613640.00072661 (v+ %) —0.0000268773 (v+ 1)

F,=2.0827%10~5-+0.01024 X 10-5(p+ %)
H,=—2.1295X10"8
FOI‘ Dz:

G,=3118.46(v41%)—64.10(v+ 1%)*+1.2514 (v+ %)3—0.10612 (v+ %)+ 0.00034 (v + ¥%)°

EB,=30.4286—1.04917 (2 + %) +0.0057934 (v+ %)2—0.00027486 (v+ 1)?
D,=—0.011586+0.000151 (v %) +0.000058 (v

F,=6.22X107%40.105X 107%(v+ 1)
H,=—0.442X1078

The numerical values of the coefficients in eq
2.18 to0 2.20 are based on the latest available spec-
troscopic measurements due principally to Rasetti
[2], Hyman [5, 6], Jeppesen [6, 7, 12, 15, 24],
Beutler {20, 21], and Teal and Mac Wood [22].
The data of Fujioks and Wada [23] were not used
and the data of Mie [16] on HD only through its
influence on the formula for @, The equations
G, for H; and HD are those given by Teal and
Mac Wood [22], and that for D, by Jeppesen [24].
The equations for B, are essentially Jeppesen’s
[12, 24] equations expressed for use with J(J-+1).
The constants in the equations for D,, F,, and
H, were obtained from theory using the equa-
tions for &, and B, and the formulas of Dunham
[10] without his correction terms.

In the case of hydrogen as for many other sub-
stances, extrapolations of spectroscopic formulas
have to be made into regions of large rotational
quantum numbers for which no wavelength
measurements are available in order to obtain
values for the energies ¢; of the higher quantum
states. The energy values for large rotational and
vibrational quantum numbers are influenced by
the law of internuclear force of the molecule for
large separations of the nuclei. Special con-
sideration has been given to this point in the pres-
ent work and two methods were developed where-
by more reliable values of the energies of the
unobserved higher rotational levels were obtained.

The first improvement was the addition of the
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final term in eq 2.17, [H,J*(J 4+ D/ (F P (J+1)°—
HJYJ+1)Y]. Without the final term, eq 2.17 is
of the form in which spectroscopic data have here-
tofore been represented, but in that form it is not
a good approximation for large values of J. The
third, fourth, fifth, and sixth terms of eq 2.17 are
of alternate sign and for H, the third, fourth, and
fifth terms are approximately equal for J=28.
This suggested that the series be extended with
successive terms in constant ratio. The final term
of eq 2.17 is the sum of the geometric series of
added terms in which the term to term ratio is
that between the fifth and sixth terms of eq 2.17.

This change in the formula for the energies of
the rotational-vibrational levels of the normal
(1s'Z) electronic state of hydrogen has only a
small effect on the energy values of the observed
spectrum lines. Thus the mean difference be-
tween Jeppesen’s [12] observed and calculated
term values for the 2p'T—1s'T band for H.

e b et

was 1.032 cm~!, whereas using eq 2.17 in place of

Jeppesen’s equation for the 1s'T state the mean
difference between observed and calculated values
s 1.030 ecm™1.

As a second improvement, for the calculation of
thermodynamic properties above 2,000° K, an
alternative determination of the highest rota-
tional levels was made. Instead of using the
power series eq 2.17, the energies corresponding
to any degree of rotation and vibration were deter-
mined from the potential energy. This was

Journal of Research



carvied out in ettect by (1) determining the poten-
tial energy U of the nonrotating H, molecule as a
function of the internuclear separation, (2) adding

- ihe rotational energy AMJ(J+1)/8x*L (r/r,)* to U

to obtain an effective potential energy, U’, for a

- molecule with rotational quantum number J, and

- Properties of Hydrogen

:
4

(3) using the quantum condition § pdg= f(Qm)”2

(¢, s—U")dr=(v-+1/2)k to determine the energy
¢ s of the quantum state v, J.
"The coefficients of a power series used to repre-

" gent the molecular potential energy were evaluated
" jor the H; molecule using Dunham’s [10] theoreti-

cal relations and the rotational and vibrational
data for Hs:
U=79734£%(1—1.6082541.85985*—1.88828 +
171188 —1.4508+ 1.4215), (2.21)
where £ is (r—r,)/r,, r. being the equilibrium value
of the internuclear separation, and U is expressed
in reciprocal centimeters. Although this series

_is a poor representation of U for internuclear
~separations twice the equilibrium value (i. e., at
7 g=1), it is very good for small values of £.
~ fore, this serles was not used for the potential

There-

energy function finally accepted for internuclear
separations much greater than the equilibrium
value, but it was used for internuclear separations
less than the equilibrium value. At dissociation
the minimum value of r for classical motion is
more than half of 7, (i. e., [£]|<{0.5), and the series
determines the inner portion of the potential
energy curve with sufficient reliability for the
present purposes.

The ranges of internuclear oscillation, £max— £mia,
for different values of the energy needed to fix the
outer portion of the potential energy curve, were
determined from (1) the vibrational levels of the
nonrotating molecule, symbolized by &, in eq 2.17
to eq 2.20, which have been accurately measured
to within 140 cm™! of dissociation [5, 12, 20, 21]
and (2) the quantum condition.

45 pdq=(2mrfhc>”2§ (G,— U)2dt=(v+1/2)h.
(2.22)

The method used to obtain (fpax—fmia) by satis-
fying eq 2.22 was essentially that of Rydberg [8]
and Klein [9]. Calculated values of the potential
energy U in wave numbers are given in table 1.
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TaBrLe 1. Molecular potential energy U jor H, as a function
of ¢E={(r—r.)/r., the change in internuclear separation

£ U £ U £ U
cm-1 cm—1 cm—-1
—0.5 53,648 0.9 20, 540 2.3 36, 828
—.4 27,150 1.0 22, 822 2.4 37,100
-.3 12,338 1.1 24, 915 2.5 37,322
-.2 4,511 1.2 26, 810 2.6 37,503
-.1 942 1.3 28, 505 2.7 37,650
0 0 1.4 30, 009 2.8 37,770
.1 683 15 31,329 2.9 37, 867
.2 2,360 16 32,472 3.0 37,946
.3 4,628 1.7 33,454 3.1 38,009
.4 7,223 1.8 34,292 3.2 38, 061
.5 9, 968 1.9 35, 001 3.3 38,102
.6 12, 744 2.0 35, 599 3.4 38,136
N 15,466 2.1 36, 092 3.5 38,163
.8 18,079 2.2 36, 496 © 38, 296

r,=0.7414X10-8cm

The effective potential energy curves for rotat-
ing molecules obtained by adding to U for the
nonrotating molecule the energy of rotation,
JJT+DB,/(1+8)? in cm™, are illustrated in
figure 1. By applying the quantum integral,

§ pdq:(?mrfhc)”2§ (F—U"'de= (v+1/2)h,
(2.23)

to the effective potential energy curves, U’, a set of
corresponding values of energy (F) and vibra-
tional quantum number was determined for each

5|
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of a few large values of the rotational quantum
number. In table 2 these corresponding values -
are given together with the maximum and mini.
mum values of the energy (F) for different values -
of J(J+1). The data were used to determine
the constant energy lines in the » versus J dia-
gram in figure 2.

TaBLe 2. Corresponding values of v, J(J+1), and F

obtarned by evaluating § pdg={(v+1/2)h

[The values of » and J are not integral and so do not represent stationary
states, yet the table values indicate how F depends on v and J over a range
including many stationary states.]

F
(above U | J(J+1) v
at §=0)
cm~1

38, 269 300 8. 8483
34, 269 300 6. 2874
30, 269 300 4. 5015
26, 269 300 2. 9881
22, 269 300 1. 6461
38, 269 600 4.8378
34, 269 600 2.7292
30, 269 600 1.0757
38, 269 900 1. 4032
42, 269 1, 200 0. 4845

Maximum values of F and ¢ for

given values of J(J+1)
38,288 0 15.033
39, 098 300 9.919
40,323 600 6. 615
41, 858 900 3.929
43,712 1, 200 1.703
45,989 1. 500 -0.072

Minimum values of F and v for
given values of J(J+1)

0 0 —~0.5
15,027 300 -5
25, 847 600 -5
34, 111 900 —.5
40, 606 1,200 -5
45,601 1,500 —.5

Table 3 shows that over a wide range of J
values the results of the numerical integration
just described are in good agreement with the
rotational energy formula (eq 2.17) when the last
term, corresponding to a geometric series con-
tinuation, is included. For the larger values of
J there are appreciable differences; yet, when 1t
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s observed how large the final term of eq 2.17
is in these cases, it seems surprising that the
discrepancies between F' (table 2) and F (eq 2.17
are as small as they are. In another publication
[27] & more rapidly converging series representing
J (J+1) as a function of the rotational energy
has been suggested.

3. Details of the Calculations and Results

In the evaluation of the series of section II, 1
for the calculation of the thermal properties,
direct summation was employed for temperatures
below 2,000° K. The resulting values to 2,000°
K for the various thermodynamic functions -S°,
H°—FE;, —(F°—Ey/T, and C,° for the ideal
gas state at one atmosphere pressure are tabu-

TaprE 3. Comparison of rotattonal-vibrational energies A
F from table 2 and from equation 2.17 lated in tables 4, 5, and 6, for H,, HD, and D,.
For n-H, for temperatures above 2,000° K, the
) contributions due to levels below 25,000 cm™!
F (table | £, {83011 pinal term ’
J (T4 2 ¢ D-F lculated by di i 7h f
2 g o1 ofea217 were calculated by direct summation, whereas for
levels above 25,000 cm~! a less laborious method
- -] -1 . . . .
w0 | 4508 e | T " was used Involving the determination of the
300 | 6.2874 | 34,269 | —34 154 number of levels within successive equal steps of
600 1.0757 30, 269 —78 3,904 -1 3 . . .
o0 | Laos2 | sz | —s00 24,102 2 ,QOO cm~! in the rotational Vlb?atlonal energy,
1,200 | 0.4845 | 42,269 761 86,345 using the results of the calculations of the last
section which led to figures 1 and 2. For these
TasLE 4. Thermodynamic functions for H; in the ideal gaseous state
Values for 8° and —(F°~E$§)/T include nuclear spin
. Fo—E% L .
8°, cal mole —1 deg ! H°—FEg, cal mole ! A cal mole 1 deg -1 Cy cal mole -! deg -1
Temperature o

p-Ha 0-H, n-Ha p-Hs 0-Ho n-Hs p-H» o-Hz n-Ho p-H, o-H: n-H,

15. 581 15. 607 49. 6785 388.327 303. 665 6. 247 —23.252 —14. 760 4.968 4. 968 4. 968

19.024 18. 050 99. 357 438. 006 353. 344 9. 690 —2.876 1.382 4. 968 4. 968 4. 968

19120 | 19.146 | 101.295  439.943 | 355281 | 9.786 | —2.457 1721 | 4968 | 4.968 | 4.968

21030 | 21064 | 140.036  487.684 403.022 | 11.705 4.783 7.630 | 4.968 | 4.968 | 4968

21. 527 21. 553 164. 437 503. 085 418. 423 12.193 6.328 8.911 4. 968 4. 968 4. 968

22,468 | 22.494 | 198.720| 537,363 452.705 | 13.134 9.034 1.176 | 4973 | 4968 | 4.969

23. 576 23. 603 248. 581 587. 041 502. 426 14. 243 11. 836 13. 554 5.007 4. 968 4.978

24. 492 24. 513 299. 106 636. 722 552,318 15.150 13. 870 15.307 5.115 4. 969 5.005

25,248 | 25.288 | 351.222|  686.422 602.622 | 15.921 15.442 16.679 | 5330 | 4.972 | 506

25.913 25. 969 406. 015 736.179 653. 638 16. 594 16. 710 17.799 5. 646 5.982 5.148

26.500 | 26.581 | 464.385  786.085 705.660 | 17.197 17.766 18.741 | 6.036 | 5003 | 5261

27.029 27.142 526. 837 836. 277 758, 916 17. 745 18. 667 19. 554 6. 455 5.039 5,383

27,059 | 28.151 | 663.752 938227 869.609 | 18.729 20.140 20.904 | 7.204 | 5170 | 5.678

20,143 | 29.461 | 890.805 1,097.78 | 1,045.99 | 20.007 21,825 22,488 | 7.807 | 5.487 | 6.067

30,808 | 31275 |1,282.70 | 1,387.90 | 1,361.61 | 21.788 23.860 24.466 | 7.742 | 6.110 | 6.518

32.225 | 32.758 | 1,660.49 1,705.80 | 1,694.47 | 23.246 25.402 25.981 | 7.380 | 6.565 | 6.770

33.40¢ | 33.963 | 2,000.99 | 2028.34 | 2,023.75 | 24.426 26. 602 27.175 | 7.158 | 6.803 | 6.891

33,446 | 34.005 | 2,023.16 | 2,040.87 | 2,036.44 | 24468 26,643 27.217 | 7.152 | 6.809 | 6.894

34. 505 35.073 2,377.84 2,384.39 2,382.75 25.512 27.693 28. 265 7.049 6.917 6.951

35. 432 36. 003 2,729.18 2,731. 54 2,730.95 26. 421 28. 603 29.175 7.010 6. 963 6.975

36.990 | 37.561 | 3,420.24 | 3,420.53 | 3,429.46 | 27.948 30.131 30.702 | 6.998 | 6.992 | 6.993

38.266 | 38.838 | 4,120.48 | 4,120.52 | 4129.51 | 29.200 31,383 3955 | 7.010 | 7.009 | 7.008

39.348 | 39.020 |4,831.65 | 4,831.66 | 4,83L.66 | 30.263 32,446 33.018 | 7.037 | 7.036 | 7.036

41,884 | 42455 | ool | . 6,966.23 | 32.735 34,918 36490 | .. | 7.219

44,903 | 45,475 | o | . 10,607.20 | 35.589 37.710 38.343 | _____ 7.720

47190 | 47.762 | ol | . 14,679. 2 37.668 39.851 w0422 | .. 8.195

______ 51,221 eeeeeee | 23,2309 3478 | 8.859

______ 53.839 | ... | ... |32,35 4,75 | s || 9342

______ 55. 969 PO PO 41, 895. I, PRI, 47. 590 mmeee Jemmnaad] 9.748
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TasrLe 5. Thermodynamic functions for HD wn the ideal  higher levels having characteristic temperatures
gas state above 36,000° K, the exact placement of each

Values for S° and —(F°— E,)/T include nuclear spin . . . . .
individual level is not important for calculations

. . s o |-z up to 5,000° K.
emperature 0 He— —_—— (044 . . .
® T ? Figure 1 shows that the effective potential
energy curves for rotational quantum numbers
cal mole cal mole -t | ccl mol 2 h h . .
deg- | calmolet | degt deg 1 other than 0 have broad potential energy barriers
15.982 49.681 | 11.014 4.971 above the minimum dissociation energy, 38,296
19. 497 100. 600 14. 468 5.365 -
2050 | 11293 | 14979 5 564 cm™?, for J=0. As a result there are above 32,296
21.861 159.230 | 16.553 6.367 cm™!, the minimum dissociation energy, quantized
23.792 226. 510 18.129 6.991 3 : : .
rotational-vibrational levels belonging to the
25.375 | 297.472 | 10.425 7.149 sequences of levels below 38,296 cm™'. These
26. 680 368. 910 20. 531 7.126 tat t d b h : : ﬁ 9
27,772 430014 | 21488 7 076 states are represented by tne points in figure 2
28.714 510.464 | 22.333 7.087 between the dashed curve and the full line dis-
20.542 | 580.708 | 23.089 7.013 sl :
soclation energy curve passing through (J=0,
30.279 650.733 | 23772 6.999 »=15.1) and (J=32.5, v=—1%).
31. 554 790. 592 24. 966 6. 985 : ‘ :
w12 | Loozor | o6 45 6 78 It seemed proper to include in the calculations
35,119 | 1,348.82 | 28.375 6.975 of the thermal properties of hydrogen above 2,000°
36.676 1,697.62 29. 885 . 977 : : : :
885 6.97 K these quantized or partially quantized rotation-
20816 oooeooooo 37.905 | 2,033.66 31084 6.979 al-vibrational states. The values of the thermo-
300 ceo 37.948 2, 046. 50 31.126 6.979 : 43 ) o
wo T o5 | 274672 23 095 6 086 dynamlc functions for n-H_g from 2,090 t0 5,000° K
500.-aeeeas 41517 | 3,443.85 34,620 6.999 in table 4 are based on this convention.
________________ 42.795 4,144. 35. 88 7.025 . . . .
800 % s 0 The effect of the quantized rotational-vibration-
43.881 | 4.849.60 36,953 7.072 al levels above the minimum dissociation energy
46. 443 7,007.50 39. 436 7.339 Tgl :
o527 | 108202 2 313 7 000 of H, on the most sensitive of the functlor}s ca..l-
51871 | 14,898.4 44.421 8.376 culated, namely the molecular heat capacity, is
represented in figure 3. Curve A represents the

TasLE 6. Thermodynamic functions for Dy in the 1deal gaseous state
Values for S° and —(F°— Eg )/ T include nuclear spin

o
8°, cal mole—t deg-t H°—E§, cal mole1 —FD;F", cal mole~! deg-! Cy, cal mole~! deg~t
Temperature — —
p-D2 0-D2 n-Dy 2-D» 0-D2 n-D» 2Dy 0-De n-Ds p-D2 0-Dy n-1y
17. 645 16. 839 18.372 220. 505 49.679 106. 621 —4.408 11.871 7.710 4. 968 4. 968 4.968
21.088 20. 283 21.816 270. 183 99. 364 156. 303 7.579 156.315 14. 001 4. 968 4.972 4.971
21. 904 21.101 22.633 287.918 117.139 174. 065 9. 689 16.131 15. 248 4.968 4. 989 4.982
23.102 22.315 23.842 319. 863 149. 514 206. 297 12. 440 17.331 16. 965 4.968 5.105 5.059
24, 533 23. 843 25.338 369. 584 202,775 258. 378 15.293 18.774 18.879 4. 980 5.617 5. 404
25.649 25.180 26. 600 419. 599 262.811 315. 048 17.257 19. 923 20. 299 5.033 6.412 5.952
26.576 26.418 27.736 470. 480 330. 843 377. 389 18.734 20. 904 21. 446 5.156 7.163 6. 495
27.384 27. 563 28. 768 522. 948 405.192 444. 444 19. 913 21.775 22.419 5.348 7.656 6. 887
28.114 28. 601 29. 704 577. 589 482. 997 514. 528 20. 893 22. 564 23.272 5. 586 7.862 | 7.103
28. 786 29. 527 30. 545 634. 706 561. 671 586. 016 21.734 23. 287 24.035 5.838 7. 860 7.187
29. 414 30.353 31. 304 694. 306 639. 875 658. 018 22. 471 23.954 24.724 6.079 7.751 7.193
30. 559 31.739 32.611 819. 996 791. 908 801. 270 23.725 | 25.139 25,933 6. 466 7.454 7.125
32.041 33. 366 34.189 1, 019. 52 1,010.37 1,013.42 25.244 26. 629 27.432 6. 790 7.149 7.029
34.023 35.395 36. 202 1, 364. 06 1, 362. 90 1,363. 29 27.202 28.580 - 29. 386 6.947 6. 996 6. 980
36. 805 38.182 38.988 2,048.10 2,048.08 2,048.09 29. 936 31.313 32.119 6. 977 6.978 6.978
36.848 38.225 39. 031 2,060. 93 2, 060. 92 2,060. 92 29. 978 31.355 32.161 6.977 6.978 6.978
38.857 40. 234 41040 | ool ] oooooos 2,759.18 31.959 33.336 34.142 | ... 1 L.oos 6. 989
40. 419 41.796 42,602 | ool 0 eeeeeaos 3,459.38 33. 500 34.877 35.683 1 ... | ... 7.019
41. 704 43.081 43.887 | ooceeo | aoo. 4,164. 03 34. 763 36. 141 36.946 | ..... | ... 7.079 ‘
42. 802 44.179 44. 985 4, 876. 39 35. 835 37.212 38.018 | ..._.. 7.173 \
45.422 46. 800 47.605 7,084. 30 38. 338 39.716 40.521 | ... 7.562 ‘
48. 611 49. 989 50. 794 11,027. 3 41. 259 42. 637 43.442 | __... [J— 8.178 ;
51.027 52. 405 53. 210 15,229 43. 411 44. 789 45.594 | ... | _. .. 8. 598 ‘
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FigUure 3.

TABLE 7. Thermodynamic functions for Hy ¢n ideal gaseous
state
[Based only on levels below minimum dissociation energy]

3 o .
T Entropy | Enthalpy | — E_T_Eo S%Z‘:gc
cal mole~! cal mole=! | cal mole-t
°K deg-1 cal mole~! deg1 deg—!
3,000 __........ 51. 221 23,230.8 43. 478 8. 859
4,000 53.838 32,341 45.753 9.341
5,000 ... 55. 960 41, 854 47. 589 9.675

molecular heat capacity if the quantized rota-
tional-vibrational levels above the minimum dis-
Sociation energy are included as molecular levels,
- 2nd curve B represents the molecular heat capac-

Properties of Hydrogen
807127—48——3

K

Specific heat of normal hydrogen at constant pressure.

ity if the molecular levels are regarded as extend-
ing only up to the minimum dissociation energy.
In table 7 are tabulated the values of the thermo-
dynamic functions for n-H, based on calculations
involving only energy levels below the minimum
dissociation energy.

For convenience in the calculation of the thermo-
dynamic functions of the real gas n-H,, values for
n-H, in the ideal gas state at all temperatures for
which there are entries in the tables of PVT data
were obtained from table 4 by interpolation and
are tabulated in table 8. The interpolated values
of 8°, —(F°—Ey)/T, and C9 agree to within
4+0.001 with values that would have been ob-

389



tained by direct summation. In the case of
H°—E;, the agreement is within three in the
last digit carried.

Thermodynamic functions for normal Hy in
the ideal gaseous state

TABLE 8.

Values for 8° and — (F°— E)/T include nuclear spin

| o po
’ T 5 oS G e
cal mole -1 cal mole -1 | cal mole -1
deg -1 cal mole -1 deg - deg -1
17.942 333.473 —2.900 4.968
18. 527 343. 408 ~0. 551 4,968
19. 050 353.344 1.382 4. 968
19.524 363. 280 3.011 4.968
19. 956 373.215 4. 405 4.968
20. 353 383.151 5.616 4. 968
20.722 393. 087 6. 683 4.968
21. 064 403. 022 7.630 4.968
21.385 412. 959 8.480 4, 968
21. 686 422,896 9. 24R 4. 968
21.970 432. 832 9. 947 4. 968
22.239 442. 767 10. 587 4.968
22.494 452. 705 11.176 4.969
22.737 462. 643 11.722 4.970
22. 968 472. 583 12. 227 4.971
23.189 482, 527 12. 699 4.973
23.400 492.474 13.140 4.975
23.603 502. 426 13. 554 4,978
23.798 512.384 13.944 4. 982
23.986 522. 351 14.313 4. 986
24.168 532.327 14. 662 4. 991
24,343 542. 315 14. 993 4,998
24.513 552.318 15.307 8. 005
24.915 577.399 16. 032 5.029
25.288 602. 622 16.679 5. 061
25. 639 628. 022 17.265 5.101
25. 969 653. 638 17.799 5.148
26. 283 679. 507 18.289 8. 202
26. 581 705. 660 18. 741 5.261
26. 868 732.122 19. 161 5.325
27.142 758. 916 19. 554 5.393
27.408 786. 056 19.922 5.463
27.664 813. 549 20. 268 5. 534
27.911 841, 400 20. 595 5. 606
28.151 869. 609 20. 904 5.678
28.384 898.175 21.198 5.748
28.610 927. 086 21.479 5.816
28. 831 956. 335 21.747 5.883
29. 047 985. 91 22.005 5.947
29. 257 1,015.80 22.251 6.008
29. 461 1,045. 99 22.488 6. 067
29. 661 1,076. 47 22.716 6.123
29. 856 1,107.22 22. 936 6.177
30. 047 1,138.23 23.149 6. 228
30. 234 1, 169. 49 23. 355 6.276
|
30. 595 1.232.71 23. 747 6. 366
30. 942 1.296.78 24,116 6.446
31.275 1, 361. 61 24. 466 6. 518
31. 394 1,427. 10 “ 24.798 6. 581
31. 901 1,403.20 | 25114 | 6. 638

TaBLe 8. Thermodynamic functions for mormal H, in
the tdeal gaseous state—Continued
° F°—E°
T s° H~Ey | === c,
cal mole -1 cal mole =1 | cal mole -1
deg -1 cal mole -1 deg -1 deg -1
32.197 1, 559. 85 25.415 6.688
32.483 1, 626. 96 25.704 6. 731
32.758 1,694, 47 25. 981 6.770
33.024 1,762.33 26. 246 6. 803
33. 282 1,830.49 26. 502 6.831
33. 331 1,898, 92 26. 749 6.856
34,005 2, 036. 44 27.217 6. 894
34.452 2,174.63 27. 656 6.922
34.872 2,313.28 28. 068 6.943
35. 269 2,452.29 28.457 6. 957
35. 646 2, 591. 53 28. 826 6. 668
36. 003 2, 730.95 29.175 6.975
36.344 2, 870. 51 29. 509 6. 980
36. 668 3,010.14 29. 826 6. 984
36. 979 3,149.85 30.131 6. 987
37.276 3, 289. 62 30.422 6. 980
37. 561 3,429. 46 30.702 6. 993
37.837 3, 569. 34 30.973 6. 996
38.100 3,709. 28 31.231 6. 999
38.355 3, 849. 30 31.481 7.002
38. 600 3, 989. 36 31722 7.005
38.838 4,129. 51 31. 955 7.009
39.399 4, 480.19 32. 506 7.021

The contributions to the entropy and to the re-
lated free energy functions arising from (1) the
nuclear spins, (2) the triple degeneracy of the low-
est rotational state of 0-H, and p-D,, and (3) the
mixing of the ortho and para varieties in n-H, and
n-D, have been included through eq 2.3, 2.4, 2.15,
and 2.16 in all the tables. A comparison of the
entropies and free energies of hydrogen and deuter-
ium calculated from calorimetric data with values
in the tables must take into account the degener-
acies existing in the solid state at the lowest temp-
erature of the calorimetric measurements. There
must accordingly be added to the calorimetric val-
ues of entropy calculated {rom data extending from
10° K to higher temperatures, the entropies of
table 9. In calculations concerning chemical re-
actions above room temperature nuclear spin en-
tropies are customarily omitted for all components
of the reactions.

To obtain entropies of n-H,, HD, and n-D:
suitable for such use above room temperature,
there should be subtracted from table values of
the entropies R In (29,-+1) (2i,+2) where &
and 1, are the two nuclear spins within the mol-
ecule [14]. For n-H, thisis equal to B In 4=2.755
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TaBLE 9. Low-temperaiure (10° K) entropy contributions arising from rotational and nuclear-spin degeneractes

T i !
. H, HD D:
S
VALY we s e m e amemmeeeeon Para Ortho Only 1 Ortho Para
Values of J ool Even 0dd Both odd and even Even odd
weight of lowest rotational level | 1 3 1 1 3
@J+1).
Nuclear spin weight, seeeq 2.3and | 1 3 6 6 3
2.4,
Total added entropy...._........_. 0 R In 9=4.366 cal R In 6=3.560 cal R In 6=3.560 cal R In 9=4.366 cal
mole -ldeg-l. mole ~ldeg 1. mole -ldeg-1. ’ mole ~ideg-l.

n-H;

n-D2

R(ln 4—3% In 3)=1.117 cal mole~! deg-!
34 R ln 9=3.275 cal mole-t deg!
R(In 4434 1n 3)=4.392 cal mole-1deg -1

R(In 3—34 In 2)=1.265 cal mole-! deg-’
R(%4 In 3434 In 2) =3.829 cal mole —1 deg!
74R In 3=5.094 cal mole-!deg!

cal mole™! deg™!; for HD, R In 6=3.560 cal mole™
deg, and for n-D,, B In 9=4.366 cal mole™
deg™.

The reliability to be expected in thermody-
namic functions for the ideal gas state calculated
from spectroscopic data has been considered by
earlier writers on the basis of the reliability of
spectroscopic constants and the gas constant E.
The former estimate of one or two hundredths
of a calorie mole™! deg™ for the probable error
in the free energy function, specific heat and
entropy, appears reasonable. Over much of the
temperature range it is probably a more liberal
estimate than necessary, as more recent and pre-
sumably better spectroscopic data and values

. for the physical constants have been used. A

larger allowance may be necessary for the higher
temperatures, however, possibly twice as much

“at 5,000° K.

The results of the present calculations below
2,000° K are in fairly close agreement with those
of Giauque (4], Johnston and Long [18], Davis
and Johnston [17], and Wagman, et al. [28].
Above 2,000° K the effect of the new calculations
of the high rotational levels of H, is apparent.

This can be seen in figure 3 in which the results
of Davis and Johnston (curve C) for the specific
heat of hydrogen, the most sensitive property
calculated, are compared with table values of this
paper (curves A and B). Curve 4, correspond-
ing to table 4, is based on the inclusion of the
quantized rotational-vibrational levels above the
minimum dissociation energy as molecular levels,
and curve B, corresponding to table 7, is based
only on levels below the minimum dissociation
energy.

Properties of Hydrogen

In figure 3 are plotted also a large number of
scattered points representing the experimental
observations of many investigators. [33 to 37,
40 to 46, 50, 51, 56]. In cases where mean specific
heats were reported, they have been plotted for
the mean temperatures of the experimental in-
tervals. At room temperatures and below, the
theoretical and experimental specific heats are in
good agreement, as has been the case since the
correct treatment of the ortho and para forms by
Dennison [1] in 1927. Above 1,200° K the ob-
servations obtained by the explosion method lie
above the theoretical curve. The difficulties of
the explosion method are great and the accuracy
not high [53], consequently the authors feel that
the calculated curve and table are more reliable.

At atmospheric pressure and & temperature of
2,000° K, there is a small but perceptible dissocia-
tion of H,, HD, and D,. As the heat of dissocia-
tion of hydrogen is large there are significant
differences between the calculated properties of
molecular H,, HD, and D,, tables 4 to 6, and the
properties of the dissociating gases. At 2,000°
K the table value of C, for molecular H, is 8.195
cal mole~! deg ™!, whereas for an ideal gas mixture of
molecular and atomic hydrogen in equilibrium
at atmospheric pressure the value is 8.797, a
difference of 0.60 cal mole™ deg . For HD and
D, the differences between the two specific heats
are 0.41 and 0.57 cal mole™! deg™!, respectively.
The effect of pressure upon the specific heat of
dissociating hydrogen is illustrated in figure 4 and
discussed in section III. At temperatures where
there is appreciable dissociation of HD, equilib-
rium mixtures of H;, HD, and D,, are established.
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II. Equilibrium Constants for Dissociation,
Isotopic Exchange, and Ortho-Para
Conversion

The equilibrium constant K of a gaseous reac-
tion

a1 A+ asAst azAs. .. =B Bi+ B B2+ B:Bs. . ., (3.1)

in which each of the participating gases 4,4,

. ., ByB, has the equation of
state PV=RT, is related to the partial pressures
of the gases and to their free energies, F*, at unit
pressure by the equation

Pg‘szP e .
PEIPX:PA, = RTIn K=
—(= ,BjFB EajFA;)="‘AF*.

RTIn
(3.2)

Equilibrium constants for dissociation, isotopic
exchange,® and ortho-para conversion of hydrogen
may be calculated by using the —(F°— E)|T
values of tables 4, 5, and 6. E; is the internal
energy per mole of molecules without translational
motion in the lowest energy level J=0, =0 and
in the ideal gas state, and F° is for the ideal

8 Equilibrium H: and Ds.

gas state and a pressure of 1 atm: Using

— (F°—E})/T instead of F*,

—(F°—Eq) AE,
T T

Bln K=A (3.3)

The values of AFE,° for the reactions considered
in this section are given by the spectroscopic
data used in the previous section. Using free
energy values as given in the tables of this paper,
the atmosphere is the unit of pressure for K and
P in the mass action law,

Pg‘PgﬁPﬂ‘. ..
papa “—K. (3.4)

Deviations from the laws of ideal gases can
be taken into account by use of fugacities or
activities in place of partial pressures and the
forms of eq 3.2, 3.3, and 3.4 for K are retained.
When fugacities or activities are substituted for
partial pressures, F* becomes the free energy at
unit fugacity or activity. For a fuller discussion
of the use of fugacities and activities the reader
1s referred to references [29 to 32].

The entropies of monatomic H and D (see p.
383) must include the nuclear and electron spin
entropies besides the entropy of translation, eq

80
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Ficure 4. Curves showing effect of dissociation on specific heat of H,.
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512, when used with table values of the entropy
and free energy of molecular H,, HD, and D,
in the calculation of equilibrium constants for

dissociation. Accordingly for H,
—FOZ;TE %ln T—2.2663 and S
% In T+0.2337, (3.5)
and for D,
o__ I° = Qo
——FR]J,E":gln T—0.8223 and %=

ln T+1.6777 (3.6)
in the ideal gas state at a pressure of 1 atm for
the range of temperatures covered by the tables.

1. Dissociation of Hy, D,, and HD

The chemical equations for dissociation and the
corresponding mass action equations are

P §
(1) Hos2H; pi=Ka, 3.7)
(b) D;=2D; =Ky, (3.8)
D2
PuPs

For these reactions, AE; of eq 3.3 is the dif-
ference between the internal energy of 2 moles of
dissociated atoms and 1 mole of molecules in the
rotational-vibrational state J=0, v=0. Beutler’s
value [21], 36,1164+6 cm™, was accepted for the
dissociation of H, from its ground state. Assum-
ing that the total depth of the potential energy
curve is the same for H,, HD, and D,, the disso-
ciation energies of HD and D, were obtained from
the zero-point vibrational energies. These zero
point energies were calculated by adding to &,
(see eq 2.17), the term which Dunham [10]
included in the energy of the ground state relative
to the bottom of the potential energy curve and
designated Yy, in his system. The values thus
obtained for the zero point energies of H,, HD,
and D, were respectively 2,179.6, 1,891.0, 1,546.6
em™!, and the corresponding energies of dissocia-
tion for HD and D, from the ground state 36,404 .
and 36,749., cm™!, respectively.

Properties of Hydrogen

The heats of dissociation of H,, HD, and D, in
the ideal gas state at temperature 1" are equal to
AE,+5RT— (H°—Ej), where (H°—FE;) is the
table value of the enthalpy at temperature 7.
The heats of dissociation at 0° and 298.16° K are
given in table 11. The theoretical value for the
heat of dissociation of n-H, at 298° K agrees well
with the calorimetric value 105,000+3,500 cal
mole~! obtained by Bichowsky and Copeland [47].

On the assumption that the atomic and molecu-
lar forms of hydrogen and deuterium are individu-
ally ideal gases, the fraction of the originally totally
nondissociated hydrogen which has dissociated is
VK/(K+4P), where K is the dissociation constant
and P is the total pressure in atmospheres.

The dissociation constants K and fractions of
originally undissociated diatomic meolecules, dis-
sociated at l-atmosphere pressure, are given in
table 10 for H,, HD, and D..

The experimental values of the equilibrium dis-
sociation constants of H; as determined by Lang-
muir and Mackay [32], and by Langmuir [39], are
in agreement with the theoretical values of table
10. Langmuir’s z-values are 0.17 percent at

TaBLE 10. Dissociation constants, K, and fraction
dissoctated, z, at 1-atm pressure

For H:=2H
TYK K z
atm
300 . 18.39%10 -7 21, 44X10 =¥
500, coeian o 4.93910 -4 3. 51410 2
L,000. ... .. 5.174X10 18 1.137X10 -¢
1,500, ... 3.100X10 =10 8.675X10 =4
2,000 ... 2.641X10 % 8.125X10
3,000 ..o 2. 48010 -2 0. 07850
4,000 .. ..oo... 2. 5236 . 6220
5,000, ... oo 41.038 . 9546
For HD=H+D
300 oo 2.732X10 -1 8.264X10 37
500 oo 1. 26510 —4L 1. 77910 -2
1,000 .. ... 1. 98710 —18 7.048X10 —10
1,500 o ooo.o 1.350¢10 -0 5.810X10 ¢
2,000 ... 1.215X10 ¢ 5.512X10 4
For Ds=22D

300 - 1.319%10 -7 5.742X10 37
500 ool 1.171X10 4 1.711X10 -2
1,000 2.972X10 —i8 8.62010 —1t
1,500 - cooiaao. 2.330X10 -0 7.632X10 -8
2,000 ... 2.227X10 ¢ 7.46210 4

393



2,000° K, 1.6 percent at 2,500° K, 7.2 percent at
3,000° K, and 21 percent at 3,500° K.

Tasue 11. Heats of dissociation of H,, HD, and D, in
cal mole!
T p-Ha 0-H3 n-Hz HD 0-Dy p-Dy n-Dy
°K
| IO 103,239 | 102,900 | 102,985 | 104,064 | 105,048 | 104,877 | 104, 091
208.16....| 104,191 | 104,173 | 104,177 | 104,992 | 105,962 | 105,962 | 105, 962

An equation of state for 1 mole of molecular
H:, HD, or D, capable of forming 2 moles of
atoms when completely dissociated, assuming
as before that atoms and molecules individually
behave as ideal gases, is

PV K
T=1+\/m

RT 8RT< \/1+16KV> (3.11)

where K is a function of T determined by eq 3.3
and V is the volume per 2/, atoms uncombined
or combined as molecules.

The thermodynamic properties of an equilibrium
mixture of atomic and molecular hydrogen in the
ideal gas state can in principle be calculated from
the properties of atomic hydrogen at low pressures
and the equation of state (eq 3.10) or (eq. 3.11).
It is simpler, however, to determine the properties
of the mixture from the properties of the atomic
and molecular varieties and the fraction disso-
clated.

The equation given by Epstein [30] for the heat
capacity of a reacting gas mixture, when applied
to the heat capacity of an equilibrium mixture
of atomic and molecular hydrogen, is

(3.10)

or

(Op)jlélxture:2x &)ato_mi_c_*_(i_x) (OD)%?IEC“]M_]—
2 He° <] 2
gl 21 )l‘ [2 ( }g?zt’omic (H %én]o_lvecular , (312)

where z is the fraction of the originally totally
nondissociated hydrogen that has dissociated,
(C)atomte and (C)morecurar are heat capacities per
mole of atoms and molecules respectlvely in the
ideal gas state, and (C° Smixtare 1S fOr & mixture

394

containing 2N, of atoms combined or uncombined,
the components being in the ideal gas state,
(C)mixture is a function of P as well as T since r ig
a function of P. 1In figure 4, curves D, C, and B
show the variation of (O;/R)mix{u,e for H, with
temperature for pressures of 0.01, 1, and 100
atmospheres, respectively. Curve A4 drawn for
comparison is the heat capacity of 1 mole of
undissociated H,, that is, (O:/R)molecum. It
appears from these curves that when dissociation
has its greatest importance, thermal effects
originating in other ways are likely to be dwarfed
by comparison. Wildt [19] has calculated the
ratio of spec1ﬁc heats of hydrogen at high tempera-
tures using principles similar to those employed
here. The results obtained have application to
stellar atmospheres.

2. Ortho-Para Equilibrium

0-Hyssp-H,, P” i ffﬂ) K.

(3.13)

P,.
p-Dyts50-Ds, Ve Zz— ;]]gz> K. (3.14)
»-Dy

The equilibrium constants of the ortho-para
conversion of H, and D, in the ideal gas state are
independent of P. Accordingly, pressure does not
appreciably change the ortho-para ratio under
equilibrium conditions. Although the lowest rota-
tional levels of the ortho and para varieties differ,
AES for the two reactions (eq 3.13 and eq 3.14)
is zero, because in the calculations for both the
ortho and para varieties the ground state of the
molecule, J=0 and »=0, was arbitrarily selected
as the origin of energies.

In table 12 are given values of the percentage
para composition in the ideal gas state of equi-
librium mixtures of ortho-para varieties calculated
from the state-sums, Zg,e~ ¢/*7, see eq 2.2 and eq
2.14. These values are in close agreement with
earlier values obtained by Harkness and Deming
[11] and are in agreement with the variations in
the relative intensities of the ortho-para spectral
lines and with estimates of the ortho-para compo-
sitions based on measurements of thermal conduc-
tion from heated wires. The success in explaining
the heat capacity of gaseous hydrogen at moderate
and low temperatures is also corroborating evi-
dence for table 12 [48].
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TABLE 12. Ortho-para composition at equilibrium The equﬂibrium constant X,, of the isotopic
exchange reaction (eq 3.15) is related to the dis-
7 e | in aae e sociation constants K of eq 3.7, 3.8, and 3.9 by
for 2 for D1 the equation
Ky, Kp,
99. 9999 0.0277 K= K (3.16
99. 821 1.908 HD
99 /89_ P The equilibrium constant K., for isotopic exchange
97.021 7.864 in the ideal gas state is independent of P, and
95. 034 __________ - . Y .
o8, 127 e aj:cordmgly the relative equlhbru.ml concentra-
77.054 20.718 tions of H,, HD, and D; are also independent of
& o pressure in the ideal gas state. For this reaction
48,537 30. 141 the AE3 of eq 3.3, the difference between twice
oo oo the energy of the ground state of HD minus the
32.050 32.916 sum of the energies of the ground states of H
bt .0 and D, is equal to twice the zero-point vibra-
25.264 | oene tional energy of HD minus the sum of the zero-
i 5.5 point vibrational energies of H, and D;. Using
25.019 | ooeeeecen the values given in section III, 1 for the zero point
2.0 - energies, AE] is 159.5 cal for the formation of
2 moles of HD.

In figure 5 are plotted experimental values of
. ] . K,., whereas the curve was derived from spectro-
. The‘ chemical and mass action equations for  g.opic data as has been indicated. The data of
Isotopic exchange are Rittenberg, Bleakney, and Urey [54] were ob-
H,+D,=2HD hp (HD)? K. (3.15) tained from measurements on hydrogen-deuterium

' Pa,Po, (Ho)(Dz) mixtures prepared by the decomposition of mix-

3. Isotopic Exchange
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tures of HI and DI, and those of Gould, Bleakney,
and Taylor [55] were obtained with mixtures of
hydrogen and deuterium that had been adsorbed
on various catalysts or had been diffused through
palladium. Some of the observations of Gould,
Bleakney, and Taylor plotted in figure 5 were not
plotted by them in their published article.

Although the theoretical curve of figure 5 is
thought to be more reliable than the experimental
data, it is to be pointed out that the uncertainties
in the zero-point energies of H,, HD, and D, can
give rise to perceptible shifts in the curve. Thus
a change in AE; of 3 cal mole™?, which is equivalent
to about 1 cm™ in 2(@o)ap™ (Go)gz (Go) by,
changes K., by about 1.5 percent at 100° K. Tt
seems doubtful that AE; is known better than to a
very few calories per mole, for while it is plausible,
it is apparently not certain that D,, the dissociation
energy above the minimum of the potential energy
curve, is so nearly the same for H,, HD, and D,
[25]. © The theoretical values of Urey and Ritten-
berg [13] are, therefore, practically as reliable as
the newly calculated ones.

IV. PVT Data and Relations for
Hydrogen and Deuterium

In order to calculate the thermodynamic prop-
erties of gaseous hydrogen at high densities (in
principle at any densities other than very low)
from values of the properties for the hypothetical
ideal gaseous state, it is necessary to have informa-
tion concerning the relations between pressure,
volume, and temperature for each temperature
in question extending from very low to high
densities.

1. Hydrogen

The available PVT data for hydrogen fall
between 14° and 700° K. They consist, in gen-
eral, of measurements of volume of known amounts
of gas at several different pressures along selected
isotherms. The quantities usually reported are
values of PV or PV/P,V, at the measured pres-
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sures or densities. In this report this informatioy ;

enough to allow accurate interpolation.
The dependent variable Z appearing in the
tables is PV/RT. Through the definition of R,

this quantity has the value 1 at extremely loy '

densities, and it is of the same order of magnitude
over a very extended range of densities.

defined as the ratio of the observed density to the
density at standard conditions (0°C and 1 atmos-
phere). Density was chosen as an independent,
variable of state in preference to pressure because
this resulted in simpler representation of the
PV/RT isotherms. The Amagat density is also
the ratio of the volume V, of the gas at standard
conditions to its observed volume.

_ observed density Y
" density at standard conditions V

(4.1)

The best value for V,, the molar volume of hydro-
gen at standard conditions, is 22.4279 liters or
22428.5 cm?, according to the values of RT,
obtained by Cragoe [90] and the value of PV/RT
for hydrogen at standard conditions as given by
Cragoe and the present correlation. The density
of hydrogen at standard conditions is 0.089888
gram liter ~1

Values of PV/RT, or Z for n-H, are given in
table 13 for different values of 7 and p. Cor-
responding values of P and of the derivatives
(@Z/dT),, (d*Z/dT?, and (dZ/dp)r needed for the
calculation of some of the more important thermal
properties of the real gas from ideal gas values (see
section V) are given as functions of the same
variables of state p and T in tables 14, 15, 16, and
17, respectively. The temperature intervals used
are of graduated size, being as small as 2 degrees
at low temperatures and as much as 20 deg above
0° C. The density intervals, except for entries ab
p=1, 2, 3, 6, and 10, are uniformly equal to 20
Amagats from p=0 to p=>500.

Journal of Research

The
independent variables chosen are T, the Kelvin -
temperature, and p, the Amagat density, which is

is presented in the form of tables in which integra] |

values of the variables of state are spaced closely *
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TABLE 15.

Values of (dZ/dT), at integral values of T, the

Temperature =1} 2 3 6 10 20
° K CK-1 ° g1 ° K-t °F-1 o g1 ° Fr-1
6 e nana 8. 0410~ 16.1X10~4 24 1X107 | L
L LT 6.07 12.1 18.2 36.2X 107 |
20 i 4.76 9. 50 14.2 28.4 47 1X10~¢ |
3.82 7.64 11.4 22.8 3.9 .
3.14 6.28 9.41 18.8 3.2 59. 810~
2.62 5.24 7.86 15.7 26.0 51
2.21 4.43 6.65 13.3 22.0 43.7
1.90 3.80 5.69 1L.3 18.8 37.5
1.64 3.28 4.91 9.79 16.3 32.3
1.43 2.85 4,27 8. 51 14.2 28.1
1.25 2,50 3.74 7.46 12.4 24.6
1.10 2.20 3.30 6.59 10.9 217
0.982 1.96 2.94 5.87 9.73 19.4
. 881 1.76 2.64 5.26 8.74 17.4
220 240 260 280 300 320
256104 274104 291X 10—+ 30610+ 32010~ 33110~
226 242 257 271 284 296
200 215 229 242 254 266
180 193 205 217 228 240
162 174 185 196 207 218
1 2 3 6 10 20
42 i 0. 881X 10~ 1. 76X 10~ 2.64X10+ 5. 2610~ 8. 74X 10~ 17.4X 10~
. 794 1.59 2.38 4.75 7.89 15.7
.79 14 2.16 4.30 7.15 14.2
. 653 1.30 1.96 3.91 6.49 12.9
. 596 119 1.78 3.56 5.92 118
. 546 1.09 1.63 3.2 5.43 10.8
. 502 1.00 1.51 3.01 5.00 9.99
. 466 0.931 1.40 2.79 4.64 9.24
.434 .867 1.30 2.59 4.30 8.53
. 403 .803 1.20 2.39 3.97 7.84
.335 . 669 1.00 2.00 3.32 6. 59
. 281 . 561 0.841 1.68 2.79 5.56
.238 .473 .713 1.42 2.39 4.7
205 .411 .616 1.23 2.07 4.09
.180 360 . 540 1.08 1.80 3 57
159 .317 . 475 0.949 1.58 3.14
. 140 . 279 .418 . 836 1.39 2.77
124 . 247 .371 742 1.2 2.46
.110 . 220 .331 . 662 110 2.20
.099 .198 ! 297 . 593 0.901 1.98
.091 .182 i.2n2 . 544 904 1.80
.083 . 166 i . 248 . 495 .824 1.64
. 075 .151 ; .226 . 452 754 1.50
069 .139 L 208 416 .692 1.38
. 064 128 ! .101 .383 .638 127
.059 L8 i 177 .354 . 588 1.17
054 .108 | 163 .38 543 1.08
.051 .102 .153 .305 . 508 1.01
047 095 i 142 284 .473 0.94
. 044 . 088 | .133 . 265 .42 .88
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absolite temperature, and p, the density in Amagat units

T N2 e S NN RSN AUOUUU
85.9 124. 8 X104 | e e
3.6 108.0 141, 510~ 173. 310~
634 93.5 122.4 150.1 176. 8104 202. 3104 226. 310~ 249.0X10~ | ...
55.1 81.3 106.5 130.8 154.2 176.6 197.7 217.8 237. 1104
8.3 71.2 93.4 114.8 135.4 155.1 173.9 1917 208.8
2.7 63.0 82.7 101.6 19.7 137.2 154.0 170.1 185.5
331 56. 2 73.7 90.5 106.6 122.4 137.5 152.1 166. 1
31.2 50. 4 66.1 81.3 95.9 110.2 123.8 137.1 149.8
340 360 380 400 420 440 450 480 507
34010~ 349X 10~ 358104 370X 10~ 38410~ 401104 419104 437104 455X10~+
306 315 325 336 349 364 380 396 412
276 287 7 308 320 332 346 360 373
251 262 272 283 204 304 316 328 338
229 240 250 260 270 280 289 298 307
40 60 80 100 120 140 160 180 200
34.2X10~4 50. 410+ 66. 110~ 81, 3104 95. 9104 110. 210~ 123,810~ 137. 1X104 149. 810+
30.9 45.5 50.8 76.6 87.0 99.9 112.2 124.2 185.7
28.0 41.3 544 67.0 79.2 90.9 102.1 113.0 128.5
| 254 37.6 49.6 61.1 72.2 82.9 93.2 103.2 113.0
oo 34.4 45.3 55.9 66.0 75.8 85.4 94.5 103.7
|
P13 31.6 41.5 51.2 60.5 69. 5 78 3 86 8 95.3
L1907 291 38.2 47.1 55.7 63.9 72.0 79.8 87.7
18.2 26.9 35.3 43.5 51.4 59.0 66.5 73.8 81.1
16.8 24.9 32.7 40.3 47.7 54.8 61.8 68.7 75.6
15.5 23.0 30.4 37.5 4.5 51.3 57.9 64.4 70.8
13.0 19.3 25.4 31.3 37.2 43.0 48.7 54.3 59.9
11.0 16.3 2.5 2.5 315 36.5 41.5 46.4 51.2
9.40 13.9 18.4 22.8 27,1 31.4 35.6 39.8 4.0
8.13 12.1 16.0 19.8 23.5 27.2 30.8 34.4 38.0
: 7.09 10.6 14.0 17.3 20.6 23.8 2.9 30.0 33.1
6.23 9.30 12.3 15.3 18.2 21.0 23.7 26.5 2.2
5.50 8.20 10.9 13.5 16.1 18.6 21.1 23.6 26.1
4.89 7.30 9.69 12.0 14.3 16.6 18.9 21.2 2.4
4.38 6. 53 8. 66 10.7 12.8 14.9 17.0 19.0 21.0
3.95 5.88 7.78 9. 63 1.5 13.4 15.3 17.1 18.9
3.57 5.32 7.04 8.73 10. 4 12.1 13.8 15.4 17.0
3.25 4.84 6.42 7.97 9.50 11.0 12.5 14.0 15.4
2.98 4.4 5.89 7.32 8.71 10.1 1.5 12.8 14.1
2.74 4.08 5.41 6.73 8.00 9.24 10.4 1.7 12.9
2,52 3.75 4.98 6.19 7.36 8. 51 9.58 10.7 .8
2.32 3.46 4.60 5.71 6.79 7.85 8.84 9.84 10.8
2.15 3.21 4.26 5.28 6.28 7.25 3.18 9.10 9.99
2.00 2.98 3.95 4.89 5.81 6.71 7.57 $.43 9.2
1.86 2.77 3.66 4.53 5.38 6. 21 7.02 7.82 8.59
174 2.58 3. 40 4.20 4.99 5.76 6. 51 7.25 7.9
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TaBLE 15.

408

Temperature 1 2 3 6 10 \1 20
! —_—

°K-1 oK1 °R-1 oF1 °K-1 t ° K-t

4.1X10-8 8.3X10-6 12.4X10-¢ 24.8X10- 41,2108 82X10-6

3.8 7.6 1.5 22.9 38.2 76

3.3 6.6 9.9 19.9 33.1 66

2.9 5.8 8.8 17.6 29.3 58

2.6 52 7.7 15.8 26.0 51

2.3 4.6 6.9 13.9 23.1 46

2.1 4.1 6.2 12.4 20.4 41

1.8 3.6 5.4 10.7 18.0 36

1.6 3.2 4.8 9.5 16.0 32

1.4 2.9 4.3 8.6 14.4 29

1.3 2.6 4.0 7.9 13.1 26

1. 200 2.398 3. 594 7.167 11.80 23.57

1.164 2.325 3.484 6. 947 11. 53 22.84

1.089 2.175 3.259 6. 499 10. 79 21.35

0.9169 1.832 2. 744 5.470 9.075 17.94
.9014 1.801 2. 698 5.877 8.921 17.64
L7517 1. 502 2. 249 4.482 7.431 14.67
. 6306 1. 259 1. 886 3.757 6. 226 12.27
. 5315 1. 061 1. 590 3.164 5.241 10.32
. 4759 0. 9503 1.423 2.832 4. 689 9.219
. 4496 . 8977 1.344 2.675 4. 427 8. 700
. 3814 L7614 1.140 2.267 3. 750 7.355
. 3241 . 6468 0. 9633 1,925 3.181 6.227
. 2756 . 5500 . 8231 1.635 2. 700 5.274
L2344 . 4676 . 6996 1. 389 2.291 4.464
. 1990 3970 5939 1.178 1. 941 3.7
. 1687 . 3363 . 5029 0. 9965 1.640 3.176
L1424 . 2838 L4243 . 8399 1.380 2. 662
. 1196 . 2383 . 3561 . 7039 1.155 2.216
. 0998 . 1986 . 2967 . 6855 0. 9583 1.828
. 0824 . 1639 . 2447 . 4819 . 7867 1. 489
L0675 . 1335 . 1991 . 3911 . 6361 1.193
220 240 260 280 300 320

162104 17410+ 185X 104 19610+ 207X10 218 X104

147 158 168 178 188 198

134 144 153 162 172 182

122 131 140 149 158 167

112 121 129 137 145 153

103 1 119 126 133 140
95.3 103 110 116 123 129
88.3 95.4 102 108 114 120
82.4 89.0 95.4 101 107 113
77.2 83.6 89.9 95.9 102 107
65.4 70.9 76.3 81.5 86.6 91.4
56.0 60. 6 65.1 69.5 73.9 78.3
48.1 52.0 55.8 59.6 63.4 67.1
41. 5 4.9 48.2 51.5 54.7 57.9
36.1 39.0 41.9 44.8 47.7 50.4
31.8 34.4 37.0 39.6 42.0 44.4
28.5 30.8 33.0 35.2 37.3 39.4
25.5 27.6 29.6 315 33.3 35.1
23.0 24.8 26.5 28.2 20.8 31.4
20.7 22.3 23.8 25.3 26.8 28.2
18.6 20.1 21.6 22.8 24,2 25.4
16.8 18.2 19.5 20.7 21.9 23.0

Values of (dZ/dT), at integral values of T, the absolute
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temperature, and p, the density in Amagat units—Continued

= 1 ‘ | ;
| 40 I 60 80 } 100 | 120 140 160 [ 180 200
| | - —— —— —— - - -
1 o g1 oR-1 og- | °Rn of-1 g oK1 oK1 K-t
i 162X 10—% 24010-8 316X 10~ ‘ 39010 46310~ 6 534X10-¢ 60410~ 67210~ ¥37X10~
| 151 223 293 ‘ 361 429 495 559 622 ; 632
| 131 194 254 i 312 370 427 483 536 : 387
I m 169 222 J 73 323 372 419 464 ‘ 507
101 130 197 : 242 285 327 367 405 442
91 134 175 1 215 253 290 325 358 391
81 119 156 192 226 258 289 319 348
71 105 138 170 200 229 257 283 308
63 93 122 i 181 ; 178 203 228 251 274
: 56 83 109 | 134 ; 158 180 202 222 22
1
} 51 75 98 120 141 161 180 198 215
46. 21 67.90 88. 63 108. 4 127.0 144.7 161. 2 176.6 i 190. 7
44,76 65. 74 85.76 104.8 122.8 139.7 155. 6 170.3 183.7
41.81 61. 34 79.92 97. 53 114.1 129.7 144.1 157.5 169. 6
35.04 51.26 66. 59 80.99 9442 106.9 18.2 128.5 1377
34.43 50. 36 65. 40 79. 51 92. 66 104. 8 115.9 125. 9 134.8
28. 56 41. 63 53.87 65. 24 75.70 85. 22 93.74 101.2 107.6
23. 82 34. 61 44.61 53.80 62,13 69. 58 76. 09 81. 62 ‘ 86.13
19.95 28.88 37.08 44.52 5115 56.95 61.87 65.87 £8. 90
17.7 25. 69 32.88 39.34 45. 04 49, 94 53.99 57.16 59. 40
16.77 24.18 30. 90 36. 91 42,16 46. 64 50. 29 53.08 54. 96
1412 20.27 25.7 30. 62 34.75 38.15 40.78 42.59 43.56
11.90 7.00 21,50 25.37 28,58 31.10 32.90 33.93 34.17
10. 03 14. 25 17. 90 20.97 23.41 25.21 26. 33 26.73 26. 38
8.443 11.92 14. 86 17. 25 19. 06 20. 25 20. 81 20. 7 19. 88
7. 086 9. 926 12,27 14.09 15.36 16. 06 16.15 15. 62 14. 42
5.022 8. 221 10.05 11. 39 12.21 12.49 12.20 11.32 Q.81
4.919 6. 753 8.144 9.070 9.510 9.439 8.833 7. 665 5. 906
4. 050 5. 484 6. 409 7.076 7.192 6. 825 5.953 4.549 2. 588
3,205 4.383 5.074 5.350 5.190 4574 3.478 1.880 —0.246
2. 636 3.423 3.834 3.852 3.456 2.627 1.345 —0.414 —2.673
2.059 2.585 2. 754 2. 549 1.951 0.943 —0. 496 —2.387 —4, 751
340 360 380 400 420 440 460 480 300
22910~ 2403104 25010~ 2603X10-4 270X104 280X 10-4 289104 298X 10~ 30710~
209 220 230 240 249 257 265 272 279
192 201 211 220 229 236 23 249 254
175 184 193 202 210 216 223 228 233
161 160 177 185 192 198 204 209 214
148 155 162 169 176 182 188 193 198
136 143 149 156 162 167 173 179 183
126 132 138 144 149 155 160 166 171
118 124 129 134 140 145 150 156 161
112 117 122 126 131 137 142 148 153
96. 1 101 105 109 114 118 123 127 132
82.7 86.5 9.6 9.3 98.1 102 106 110 113
70.8 74.5 78.0 81.4 84.7 87.9 91.0 94.1 97.2
610 641 67.2 70.3 73.2 75.8 78.5 81.0 8.5
53.0 55.6 5.2 50.8 63.2 85.4 67.6 #9.8 72.1
46.6 4.8 51.0 5.1 55.2 57.2 59.1 61.0 62.9
41. 4 43.3 45.2 47.1 48.9 50.6 52.3 53.9 55.5
36.9 38.7 40.4 2.0 43.6 45.1 46.6 48.0 9.3
33.0 34.5 36.0 37.5 38.9 40.3 4.6 4238 4.9
29.6 30.9 32.2 3.5 348 36.0 37.2 38.2 39.2
2.6 27.8 20.0 30.2 313 32.3 33.3 34.2 35.0
2.1 251 2.2 27.3 2.3 291 20.9 30.6 313
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TasLE 15.

Values of (dZ/dT), at integral values of T, the absolute

Temperature 220 240 260 280 I 300 320
100°C °R-1 oK1 K- °oR-1 °F-1 oK1
15, 3% 10~ 16, 510 17. 7104 18.8X10-+ 18.9X10~4 20. 9% 10~+ |
14.0 15.1 16.2 17.2 18.2 19.2
12.8 13.8 14.8 15.8 16.7 17.6
1.7 12.7 13.6 4.5 15.3 16.1
10.8 1.7 12,5 13.3 4.1 14.8
10.1 10.9 11.6 12.3 13.0 18.7
9.35 10.1 10.8 1.4 12,0 12.6
8.65 9.32 9.96 10.5 1.1 1.7
8.00 8.60 9.16 9.67 10.3 10.7
73910~ 79210~ 84110~ 88710~ 933X 10-8 980X 10-5
634 678 719 7 796 831
547 585 621 655 687 718
478 512 544 575 604 631
423 453 482 509 535 559
375 401 496 450 473 493
332 354 375 396 45 432
204 312 330 347 362 376
260 25 200 304 316 326
230 243 255 266 276 284
203.6 215.2 225.4 234.1 241.3 246.8
196.0 206.9 216. 4 224.5 231.0 235.9
180.5 190.1 198.3 205.1 210.3 213.9
145.6 152.3 157.6 161.5 164.0 164.8
142.5 148.9 154.0 157.7 159.9 160. 5
1129 117.0 119.8 121.2 121.3 119.8
89. 56 91.86 92.95 92.78 9128 88.36
70.92 71.87 7170 70.33 67.70 63.75
60.67 60.92 60.07 58.09 54.90 50. 44
55.88 55.80 54, 66 52.40 48.97 44.98
43.62 4275 40.88 37.96 33.94 28.75
33.56 32,07 29,65 26.24 21.80 16. 26
25.24 23.97 20.42 16. 66 11.92 6.157
18.32 15.97 12.81 8.776 3.834 —2.069
12.52 9.885 6.479 2,260 —2.815 —8.792
7.644 4,786 1.201 -3.148 —8.303 —14.30
3.527 0.496 —3.220 —7.657 —12.85 —18.84
0.041 —3.122 —6.930 —11 42 —16.62 —22.58
—2.925 —6.186 —10.06 —14.57 —18.76 ~25.66
—5.455 —8.789 ~12.70 —~17.22 —22.37 —~28.20
—7.613 —11.00 —14.93 —19.43 —24,54 —30.28

410
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mperature, and p, the densily in 4magal units—Continued

340 360 i 380 400 420 440 460 480 300
P
o pr-t o K-t oK-1 o K-t °K-1 oK1 oK1 ° K-t oK1
21, 9X 104 22,910~ 23,9104 24 §X 10~ 25.6X 104 26, 3X 104 27.0%X 10~ 27.6X 107 28, 1X 10~
20.1 21.0 21.8 22.5 23.2 23.8 24,4 24.9 25.3
18.4 19.2 19.9 20.5 21.1 217 22.1 22.5 22,9
16.9 17.6 18.2 18.8 19.3 19.8 20.2 2.5 20.8
15.5 16.1 16.7 17.2 17.7 18.1 18.5 18.8 19.0
14.3 .14.8 15.3 15.8 16.2 16.6 16.9 17.1 17.3
13.2 13.7 14.1 4.5 14.8 15.1 15.3 15.5 15.6
12.2 12,7 13.0 13.3 13.5 13.7 13.9 14.0 14.0
11.2 11.6 11.9 12.1 12.3 12.5 12,6 12.6 12.6
1029X10-8 1050108 108010~ 1119X10-% 113X10~% 114910~ 1149X10-8 1145108 114pX 1075
363 892 918 940 958 971 980 986 988
746 771 792 810 825 837 846 852 854
656 678 696 711 722 730 736 741 744
580 598 613 625 634 640 644 646 647
511 527 539 348 554 558 560 561 560
447 460 470 476 480 482 482 481 479
389 399 406 410 412 412 410 407 402
336 344 348 350 350 348 343 337 329
290 295 297 297 204 290 283 273 262
250. 6 252.6 252 6 250. 5 246. 1 239. 5 230. 2 218.3 203. 5
239.0 240. 3 230.7 237.0 232.0 224.7 214.9 202. 4 187.0
215.7 215.8 213.9 210.0 203. 8 195.3 184.3 170.7 154.2
164.0 161. 4 157.0 150.5 142.0 1311 117.9 102.1 83. 50
139. 5 156.7 152.0 145. 4 136. 6 125.6 112.2 96.25 77. 58
116.8 12,1 105.6 97.22 86.85 74,34 59. 57 42.39 22. 64
83.95 77.96 70.30 60. 85 49. 52 36.19 20.73 3.011 -17.11
38. 40 51. 55 43.14 33.06 21.21 7.491 —8.216 —26.03 —46. 08
44,64 37.40 28. 67 18.34 6.314 —7.497 —23.21 —40. 93 —60.78
38.20 30. 90 22.03 11.61 —0.457 —14, 28 —20.95 —47.58 —67.30
22,33 14. 60 5. 500 —5.058 —17.16 —30.88 —48.34 ~—63. 61 —82,82
9.574 1. 666 —7.529 —18.08 —30.08 —43. 59 ~58.70 —75.52 —94.14
—0. 687 —8.670 —17.86 —28.31 —40.11 —53.33 —68.04 84,33 —102.3
—8.084 —16.97 —26.08 —36.37 —47.92 —60.79 ~75.06 —90. 81 —108.1
—15.72 —23.64 —32.63 —42.72 —53.99 —66. 49 —80.30 —95.48 —112.1
~21. 20 —29. 03 —37.85 —47.72 —58. 68 —70. 80 —84.14 —98.76 —114.7
—25. 67 —33.38 —~42.03 —51.65 —62.30 —74.03 —86.91 T—10L.0 —116.3
—~29.32 —36.89 —45.34 —54.71 —65.04 —~76. 39 —88.82 ~102. 4 —117.1
—32.30 —39.72 —47.96 —57.08 —67.10 —75.08 —90.06 —103.1 -117.3
—34.72 —41.99 ~—50.03 —58.89 —68. 60 —79.22 ~90.78 —103.3 —116.9
—~36.59 —43.79 | —51.63 —60. 24 —69. 65 —79.92 —91.08 —103.2 —116.2
I
\
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TaBLe 16.

“alues of (—d*Z[dT?), at integral values of T,

Temperature p=1 2 3 6 10 20
DK_’ OK_g cK_, oK_z
11. 4X10-8 22.6X10-5 33.7X10-% |l
7.9 15.7 23.5 47.0X10-3
5.5 11.0 16.5 33.0
4.0 7. 11.7 23.5 38.6 e
3.0 5.9 8.8 17.4 29.2 48. 5X10-%
2.3 4.6 6.8 13.5 22.7 41.0
1.8 3.6 5.4 10.7 17.8 34.3
1.4 2.9 4.3 8.6 14.3 28.4
1.2 2.4 3.5 7.0 11.7 23.3
0.9 2.0 2.9 5.8 9.7 19.0
.79 1.7 2.4 4.8 8.0 15.5
.66 1.4 2.0 4.0 6.6 12.8
.55 1.1 1.7 3.3 5.5 10.7
.47 0.92 1.4 2.8 4.6 9.2
220 240 260 280 300 320
167X10-3 178103 186X10-% 19010-3 190X10-3 188103
138 146 154 160 162 161
114 121 128 135 138 138
96 102 108 114 118 119
82 87 92 97 101 103
p=1 2 3 6 10 20
°K-2 - o F-2 °K-? oK °K-?
A i 0.47X10-8 0.92X107% 1.4X10- 2.8X10° 4.6X1078 9.2X10%
.40 .79 1.2 2.4 4.0 8.0
.35 .69 1.0 2.1 3.5 6.9
.81 .61 0.91 19 3.1 6.0
.27 .53 .80 1.6 2.7 5.2
.23 .46 .69 1.4 2.3 4.5
.20 .40 .60 1.2 2.0 4.0
.18 .35 .53 11 1.8 3.6
.18 .82 .48 0.96 1.7 3.3
.15 .30 .45 .90 L5 3.0
.12 .24 .37 74 1.2 2.4
.10 .19 .30 .80 0.96 1.9
.078 .15 .23 .48 .76 1.5
. 063 .12 .18 .38 .61 1.2
.051 .10 .15 .31 .49 0.97
.042 08¢ (18 .25 .41 .80
.036 .070 .1 .21 .35 .67
030 . 059 . 091 .18 .29 .57
.025 . 049 .075 .15 .24 .48
.020 . 041 . 062 J12 .20 .40
.017 .085 . 052 .10 .17 .34
.015 . 030 .045 . 089 .15 .30
128 e .013 . 026 . 039 . 080 .13 .26
.012 .023 .035 071 .12 .23
.011 . 021 .032 . 062 11 .21
140 e . 0095 . 019 028 . 055 . 093 .19
. 0082 . 016 024 .048 .081 .16
L0071 014 .021 .043 070 .14
. 0063 L0138 .019 . 039 . 062 .13
. 0058 012 018 . 036 . 057 12
DL . 0054 012 . 017 . 033 . 054 12
170 el . 0050 .011 .016 L0381 . 050 -1
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the absolute temperature, and p, the density tn Amagal units

8
67.1 99. 01078 e e
55.8 81.9 106. 21073 128, 0X1078 |- e e
45.9 67.2 87.2 105.7 123.0X10-8 139. 610-3 155.6 X 10-5 1710 X 107 | oo
37.5 55.1 71.9 7.8 102.8 116.9 130.1 142.9 155.2 X 10~
30.7 45.4 59.6 72.9 85.6 97.5 108.5 118.9 128.0
25.4 37.6 49.4 60.6 711 8.1 90. 4 8.8 106.6
21.2 3.3 41.0 50.3 50.1 67.5 75.3 82.4 89.3
18.0 26.4 34.3 42.0 49.4 56.5 63.1 69.6 75.9
340 360 380 ! 400 420 440 460 480 500
183%10-5 | 178310-8 177X10-3 18110~ 18910~ 199103 210X10-5 2201075 229105
158 154 152 154 160 170 182 193 204
137 134 132 133 138 147 159 171 183
119 118 17 18 122 130 141 153 165
104 105 106 108 12 118 127 137 148
0 60 80 100 120 140 160 180 200
DK_.Z DK.Q OK_z OK.Z OK_z 0K_2 OK_2 °K—2 OK_2
18. 01073 26, 41073 34.3X10-3 42,0107 49. 410~ 56. 55 10-5 63.1X10- 69. 6105 75.9%10-5
15.5 22.7 2.3 35.6 4.8 47.9 53.8 59.8 65.6
13.5 19.7 25.4 30.8 36.2 4.5 46.9 52.1 56.9
11.8 17.2 22.4 2.3 32.0 36.6 412 45.7 49.7
10.3 15.2 19.9 24.3 28.5 32.5 36.4 40.2 43.7
|
9.0 13.4 17.6 21.6 25.4 2.0 32.4 35.6 38.7
8.0 1.9 15.6 19.2 22.7 25.9 28.8 31.6 34.4
7.2 10.6 13.9 17.1 20.3 2.1 25.6 28.0 30.5
6.5 9.5 12.4 15.3 18.2 2.7 22.8 2.8 26.9
58 3.6 1.3 13.8 16.3 18.5 20. 4 22.0 23.8
4.6 6.7 8.8 10.8 12.7 4.5 16.1 17.5 19.0
3.6 5.3 6.9 8.5 10.0 1.5 13.0 14.4 15.7
2.9 4.2 5.5 6.7 8.0 9.3 10.6 11.8 13.0
: 2.3 3.4 45 5.4 6.5 7.6 8.6 9.7 10.7
I 19 2.8 3.7 4.5 5.3 6.1 7.0 7.9 8.8
1 1.6 2.4 3.1 3.8 4.5 5.2 5.8 6.4 7.2
13 2.0 2.6 3.3 3.9 4.4 4.8 5.3 5.9
3 11 17 2.2 2.8 3.3 3.7 41 4.6 5.0
0.94 L4 1.9 2.4 2.8 3.2 3.6 41 4.4
3 .80 1.2 1.6 2.0 24 2.8 3.2 3.6 3.9
.68 1.0 L3 L6 2.0 2.4 2.8 3.1 34
58 0.87 11 1.4 1.7 2.0 2.4 2.6 2.9
.51 77 10 12 L5 17 2.1 2.3 2.5
.46 .69 0.90 11 1.3 15 1.8 2.0 2.2
.41 .61 .80 Lo 1.2 1.3 1.5 1.8 2.0
3 .37 .54 ] .72 0.91 11 12 1.4 16 18
i .33 .48 .65 .82 0.97 L1 1.3 1.4 1.6
- 29 44 60 75 .89 1.0 . 13 1.4
.26 .40 .55 .89 .82 0.93 1.1 1.2 L3
3 .25 .87 .51 .63 .75 .87 1.0 11 L2
3
.24 .35 .47 .58 .70 .81 0.91 1o 11
.22 .32 .43 .53 .64 74 .84 0.93 1.0
_
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TaBLE 16.

Values of (—d?Z[dT?), at integral values of T, the

414

Temperature p=1 2 3 6 ‘ 10 20
OK OK_z DK_Z OK-Z OK_Z OK_z °K‘2
0. 50 X107 1.1X1077 1. 6X10~7 3.1X10-7 5.0X10~7 11X10-7
.44 0.88 1.3 2.6 4.3 9.3
.38 .76 1.1 2.2 3.7 7.5
.33 . 66 1.0 2.0 3.2 6.2
.29 .58 0.87 1.8 2.7 5.4
.26 .51 .78 1.6 2.4 4.7
.23 .45 . 69 1.4 2.2 4.2
.20 .40 .60 12 2.0 3.7
17 .34 .52 1.0 1.7 3.2
L14 .28 .43 0.86 1.4 2.8
1185 . 2370 . 3554 7101 1. 182 2. 356
1140 . 2280 . 3419 . 6830 1.137 2.271
10501 . 2100 .3148 . 6289 1.047 2.086
08510 L1701 . 2551 . 5094 0.8476 1.691
. 08336 . 1666 . 2498 . 4990 8302 1. 653
. 067 L1341 . 2010 . 4013 L6674 1.328
. 05459 . 1091 . 1636 . 3266 . 5430 1.079
. 04490 . 08970 . 1345 . 2685 . 4463 0.8866
03969 . 07932 . 1189 373 . 3945 . 7837
03727 . 07448 L1116 2228 3702 . 7350
. 03119 . 06233 . 09342 . 1864 . 3097 .6143
. 02629 . 05254 . 07875 L1571 . 2609 .5173
02231 . 04458 . 06682 . 1333 L2213 . 4385
01805 . 03806 . 05703 L1187 1888 .3739
. 01635 . 03266 . 04894 . 09758 1620 . 3205
01410 . 02817 . 04221 . 08414 . 1396 . 2761
01221 . 02440 . 03660 . 07286 . 1209 . 2389
01062 . 02122 . 03180 . 06336 . 1051 . 2076
00928 . 01853 . 02776 . 03530 . 09169 . 1810
00812 . 01623 . 02431 . 04842 . 08027 . 1583
(0714 . 01426 . 02136 . 04254 . 07049 . 1390
p=220 240 260 280 300 320
82X10-% 87X10-8 92103 97X 10-¢ 101X10-5 1031073
71 75 79 84 87 90
61 65 09 7 76 80
53 57 61 65 68 72
47 50 54 58 61 64
42 44 47 51 54 57
37 39 41 44 46 49
33 35 36 38 40 42
29 31 32 34 36 37
26 28 30 31 32 34
21 23 25 26 27 28
17 19 21 22 23 24
14 16 17 18 19 20
12 13 14 15 16 16
9.7 10 11 12 13 13
7.8 8.3 8.9 9.5 10 11
6.4 6.9 7.5 8.1 8.6 9.1
5.5 6.0 6.5 7.0 7.8 8.0
4.8 8.3 5.7 6.1 6.5 6.9
4.3 4.6 5.0 5.3 5.6 6.0
3.7 4.0 4.3 4.6 4.9 5.2
3.2 3.5 3.8 4.0 4.3 4.5
2.8 3.1 3.3 3.5 3.7 3.8
2.5 2.7 2.9 3.1 3.2 3.3
2.2 2.4 ‘ 2.6 2.7 2.9 3.0
1.9 2.1 2.3 2.4 2.6 2.7
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a LA

olule temperature, and p, the density in Amagat uniis—Continued

10 80 80 100 120 140 160 180 200
oK R~ o2 ) R Rt R K- R
92510 32X10-7 431077 53101 841077 74X10-7 84X10-7 93107 100X10-7
" 27 35 4 53 61 70 70 87
5 22 20 36 43 50 58 85 72
2 18 2 29 35 41 47 53 50
W 15 20 25 29 3 20 a4 18
0.6 14 18 22 2 29 33 7 41
85 13 17 20 2 26 20 32 36
75 1 15 18 20 23 2 20 32
5.5 9.1 13 16 18 20 23 2 29
5.5 8.0 10 13 16 18 20 23 2%
1684 6. 986 9. 204 1152 13.76 15.82 18.19 20.38 2.5
4523 6. 750 8.970 17 13.35 15.51 17.66 19.79 21.91
4142 0.17 8.175 10.15 12.11 14.05 15.96 17.86 19.74
535 5.001 6.620 8.216 9.786 1133 12.85 14.35 15.81
3.276 4.872 5. 440 7.981 9. 496 10.98 12.45 13.89 15.30
2.628 3.900 5.145 6.362 7.553 8.716 9.851 10.96 12.03
2132 3.160 4.160 5.135 6.082 7.602 7.893 8.756 9. 583
1749 2. 587 3.400 4.189 4.951 5.687 £.395 7.075 7.725
1. 546 2. 286 3.004 3.697 4.366 5.008 5.624 6.211 6768
1448 2,138 2.806 3.450 4.069 4.664 5.232 5.713 6.285
1. 208 1.706 2.202 2.865 3.373 3.857 4317 4.751 5.158
1,016 1.4%6 1.957 2.397 2.816 3.214 3.586 3.939 4.265
0.8602 1.263 1.651 2.019 2.368 2.696 3.004 3.289 3.550
7325 1.075 1402 1711 2.003 2.276 2.529 2.762 2.973
g2 0.9193 1.196 1.458 1.703 1.931 2.141 2.332 2503
5393 7897 1.026 1248 1. 455 1.646 1.821 L9® 2.116
4662 6814 0.8839 1.073 1.249 1410 1555 1.685 1.707
4045 5003 7645 0.9265 1.076 1212 1.333 1.440 1531
3522 5132 6635, 8026 0.9209 1.045 1147 1.235 1.309
3077 4478 57T 6973 8063 0.9038 0.9892 1.062 1121
2696 .3016 5045 6078 L7011 7838 8554 0.9152 0.9626
340 360 380 400 420 440 460 480 500
104X 10-3 105X10-3 106X 10-5 108X10-8 112X 1075 118108 127108 137X 1075 148 10-3
03 95 o 101 104 109 115 123 132
84 87 9 95 9 102 106 111 116
7 80 84 88 92 95 97 99 101
68 73 77 81 85 87 87 87 88
81 65 69 73 76 7 7 W7 75
5 57 61 64 66 67 67 67 65
4 58 51 54 5 36 57 57 56
39 40 a2 45 a7 7 8 49 29
3 36 7 39 41 2 m 45 46
29 30 31 32 3 34 3 38 39
25 2 277 2 29 30 31 33 34
21 22 23 24 25 26 7 29 30
17 18 19 20 22 2 23 24 25
14 15 16 17 18 19 19 20 20
1 12 13 14 14 15 15 16 16
9.6 10 10 1 11 12 12 13 13
8.4 8.8 9.1 9.5 9.8 10 11 1 1
7.3 7.7 8.0 8.4 8.7 9.1 9.4 10 10
6.4 6.7 7.0 7.3 7.6 8.0 8.3 8.6 8.9
5.5 5.8 6.0 6.3 6.6 6.9 7.3 7.6 7.9
47 49 5.2 5.5 5.8 6.0 6.3 6.6 6.9
4.0 42 44 4.8 5.1 5.3 5.5 5.8 6.0
3.5 3.7 4.0 42 4.4 4.6 48 5.0 5.2
3.2 3.4 3.6 3.7 3.9 4.0 4.2 4.4 45
2.9 3.1 3.2 3.3 3.4 3.6 3.7 3.8 3.9
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TaBLE 16. Values of (—d?*Z/dT?), at integral values of T, the
i |
Temperature =220 240 ] 260 230 300 320
‘ -
ox o g2 o g2 o2 Py o g2 o2
1.7X10-8 1.8X10-8 2.0X10-5 2.1X10°% 2.3X10-¢ 2.4X10~s
1.5 1.6 1.8 1.9 2.1 2.2
1.4 1.5 1.6 18 1.9 2.0
13 1.4 L5 17 18 19
1.3 1.4 1.5 L6 16 1.8
170, e 11010~ 12010~ 130107 140107 15010~ 16010~
9% 100 110 120 120 130
78 83 87 91 96 99
63 67 70 73 78 81
52 56 59 63 66 69
45 49 53 56 59 62
40 44 48 51 53 56
36 40 43 46 48 51
32 35 38 40 43 46
29 31 33 35 37 40
24.73 26.89 29.03 81.17 33.30 35.42
24. 01 26.09 | 28.15 30.20 32.23 34, 24
21. 60 23.44 | 25.26 27.07 28.85 30. 62
17.25 18. 66 20. 04 21.38 22,69 23.96
16. 68 18.04 19.37 20,67 21.94 23.17
15.08 14.09 15.08 16. 02 16.93 17.80
10.39 11.16 11.89 12. 58 13.24 13.91
8. 343 8.929 9. 480 9.994 10. 47 10. 90
100° Coo ool 7.203 7.785 8.242 8. 662 9.043 9.383
6.767 7.218 7.635 8.017 &.360 8. b4
5.536 5.885 6. 202 6.485 6.733 6.942
4.564 4.834 5.076 5.285 5. 461 5.601
A0 el 3. 787 3.998 4.181 4.335 4.458 4. 547
3.161 3.325 3. 464 3.575 3.658 3.709
2.653 2.780 2.884 2.962 3.014 3.038
300 - - e m e e 2,236 2.334 2,411 2. 464 2.493 2.49
1.892 1.967 2,022 2056 2.067 2,055
1.606 1. 603 1.701 1.720 1.718 16903
1.367 1.409 1.434 1. 441 1.429 1.396
L O 1.166 1.196 1.211 1.208 1.188 1.149
00 - - oo e 0.997 1.018 1.023 1.014 0. 988 0.944
TasrLe 17. Values of (dZ/dp)r at integral values of T, the
t
Temperature p=0 1 2 ' 3 6 10 20
ox :
—~9,105%10-6 —9,087X10-6 | —8,070X10-8 | —9,052X10-8 ... .ol
=7,709 —7,694 ~7,679 —7,664 —T, 6201078 ||l .-
—6,633 —6,621 -6, 608 —6, 595 —6, 557 —8, 506 X10—¢ ________ ..
—5,781 —5,770 —5,759 —5, 748 —5,714 —5,670 .
—5,087 —5,077 —35,067 —5,058 —5,029 —4,990 —4, 892106
—4,512 —4,503 —4,404 —4,485 —4,460 —4,425 —4,338
—~4,027 —4,019 —4,011 —4,003 —3,980 —3,949 —3,871
-3,615 —3,608 —3,601 —3,504 ~3,57 —3, 544 ~3,474
—3,262 —3,255 —3,249 —3,242 3,223 —3,197 —3,132
—2,955 —2,049 —2,943 —2,937 —2,919 —2,895 —2,836
—2,688 —2,682 —2,676 —2,671 —2,65¢ —2,632 —2, 577
—2,433 —2,448 92,443 P—2,438 —2,422 —2,402 —2,350
—2,245 —2,240 —2,235 . —2,230 —2,216 —2,107 —2,149
I
1
42 . —2,059 —2,054 —2,050 I~ 045 2,032 I—2,014 —1,968 |
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; absolute temperature, and p, the density in Amagat units—Continued

— . i
410 j 360 ; 380 400 420 440 460 480 ‘ 500
o !
ogr? of- oR- : oK oK oK oK oK : oK
3 26X 1073 2.8X 1078 2.9%1073, 3.0X1074) 3.1X10° 3.3X107% 3. 4X10-5 3.4X10°3, 3.5X 107
’ a3 2.5 2.6 ! 2.7 | 2.9 3.0 3.2 3.2 3.3
] 21 2.2 2.3 | 2.5 2.7 2.8 3.0 3.1 3.2
2.0 2.1 2.2 2.4 2.5 2.6 2.7 2.9 3.0
] 2.0 2.1 2.2 2.3 2.4 2.5 2.5 2.6 2.7
: 170X 107 180X 10-7 180X 10-7 190107 190107 200107 200310~ 20010~ 210X 10~
F 140 140 140 150 150 150 150 150 160
| 100 100 110 110 120 120 120 120 120
[ 83 85 88 © 92 96 98 99 100 100
: 72 75 78 81 83 85 87 88 89
L 65 68 71 73 75 77 80 81 81
60 63 65 67 69 71 74 75 5
- 55 58 60 62 64 66 68 69 70
: 49 52 54 56 58 60 62 64 65
43 46 48 50 52 54 56 58 60
37.53 39.63 41.71 43.78 45.83 47.86 49.87 51.85 53.80
36.23 38.19 40.13 42.05 43.93 45.78 47.60 49.38 51.12
! 32.36 34.08 35.77 37.44 39.07 40. 66 42,22 43.73 45.19
' 25.20 26.39 27,54 28.63 29. 68 30.67 31.60 32.47 33.27
24.37 25.53 26. 64 27.71 28,74 29.70 30. 61 31.45 32.922
18.63 19.41 20.14 20.82 21. 44 21.99 22,48 22.90 23.23
14.42 14.94 15.41 15.83 16.18 16.47 16.69 16.83 16.89
X 11.29 11.63 11.92 12.16 12.33 12.44 12.49 12.46 12.34
9.678 9,926 10.12 10.27 10.36 10.39 10.36 10.25 10.08
8.925 9.139 9.305 9.417 9.473 9,468 9.397 9.256 9.039
i' 7.110 7.236 7.314 7.344 7.319 7.238 7,004 6. 885 6. 603
g 5,704 5.765 5.784 5.756 5.678 5.547 5.359 5. 110 4,795
4.601 4,618 4504 4.527 4.415 4.253 4.039 3.769 3.438
3.728 3.713 3. 660 3.567 3.433 3.253 2,038 2.746 2.411
3.082 2.993 2.976 2.812 2. 664 2.475 2,242 1.961 1. 630
2,471 2,416 2.331 2.212 2,057 1.864 1.631 1,354 1.032
: 2.016 1.951 1.857 1.732 1.574 1.382 1.153 0.884 0.573
g 1.646 1.573 1474 1.346 1.189 1.000 0.776 .517 .26
P 1.342 1. 264 1.162 1.035 0.880 0.695 .480 .231 ~.052
- 1.090 1.010 0.908 0.782 . 630 . 452 . 245 . 007 —.262
L“ 0.883 0.801 .700 .56 ,428 .257 . 059 —.167 —. 422
I Y. .
absolute temperature, and p, the density in Amagat units
40 60 80 100 120 140 160 180 200
—4U6SXI070 ||
~3,715 —3,8501078 | e e
~3,332 ~3,191 —3,040 X107 | —2,808X10- | ...oooooo|iiomciieoooo e
~3,003 —2,874 2,745 —2,615 —2,486)10~0 | —2,357X1078 | —2,228X10~* | —2,098X108 |_..._.._.._...__..
F ~2,717 —2.598 —2,479 —2,360 —2,242 —2,123 —2,004 ~1,885 —1,768X107
{ ~2,467 —2.357 —2,247 —2,187 —2,027 ~1,917 —1,807 —1,697 —1,588
. ~2,248 —2,145 —2,043 —1.940 —1,838 —1,735 —1,633 —1,530 —~1,428
: —2,053 —1,957 —1,861 —1,765 — 1,669 —1,573 —1,477 —1,381 —1.283
-1,878 —1,788 —1,698 " 1,608 —1,517 —1.427 —1.337 —1,245 —1,151
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TasLE 17. Values of (dZ/dp,)r at inlegral values of T, the absolute
|
Temperature p=220 240 260 280 300 320 340
—1,650X10-8 —1,526X10-¢ —1,392X10-¢ ~1, 254 X10-6 —1,121X10-6 —998X10-8 —884X10-6
—1,477 —1,360 —~1,239 —1,117 —~1,001 —892 —~788
—1,3922 —1,210 —1,100 —089 —882 —782 —684
—1,181 —1,077 —973 —870 —768 —670 —3573
—1,054 ~956 ~857 —758 —658 ~558 —461
p=520 540 560 580 600 620 640
387X10-¢ 654106 941108 1, 255X10~% 1, 627X10~¢ 2,090X10~¢ 2, 638X10-6
538 795 1,077 1,400 1,750 2,120
681 961 1,260 1,587 el
812 L1385 e
E L LU (I SN F I N S
=0 1 2 3 6 10 20
—2,059X10-% —2,054X10-¢ —2,050X10-¢ —2, 04510~ —2,032X10-% —2,014X10-8 —1, 968X 10~
—1,892 —1,887 —1,883 ~1,870 —1,866 —1,849 —1,806
~1,740 —1,736 —1,732 —1,728 —1,716 —1,700 —~1,659
—1,603 —1,599 —1, 505 —1,501 —1,580 ~1, 564 —1,5%
~1,478 —1,474 ~1,470 —1,467 —1,456 —1,441 —1,404
—1,364 —1,360 —1,357 —1,353 —1,342 —1,328 —1,203
—1,259 —1,256 —1,252 —1,249 ~1,239 ~1,225 -1,191 )
—1,162 —1,159 ~1,156 ~-1,152 ~1,143 —1,129 —1,006
—1,072 —1,069 —1,066 —1,063 —1,058 ~1,040 ~1,009
~988 ~085 —982 —979 —970 —958 —928
|
807 —804 —801 —799 ~790 —779 —751 |
—654 —651 649 —646 —638 —628 —601 '
—5% —522 —518 —516 ~509 —499 —a74 l
—412 —410 —407 —405 —398 —388 —364 !
|
|
—315 -313 —310 —308 —301 —292 —269 ]
—231 —229 —227 —224 —218 —209 —186 i
-157 —~155 ~153 —150 —144 —135 —113 ;
~9%0 —88 —86 84 ~77 —69 —48 :
—34 —32 —30 —28 ~21 -12 +9 J
+19 +21 +23 +25 +32 -+40 61 !
67 69 71 73 79 87 108 !
1 113 115 1 123 131 151 :
151 153 155 157 139 171 190 :
187 189 191 193 199 206 226 1
221 223 225 227 232 240 259
252 254 256 258 263 27 289 1
|
281 283 285 286 292 297 317
307 309 311 312 318 325 343 i
331 333 335 336 342 349 367 ;
353 355 357 358 364 371 389 ‘
|
373 375 377 378 384 301 409 :
393 395 397 398 404 411 429 j
429 431 433 434 439 446 464 :
460 462 463 465 470 477 494
489 490 491 493 498 504 521
512 514 516 517 522 529 545
534 336 538 539 544 550 366
553 555 557 558 563 569 585
571 573 574 576 580 586 602
587 589 590 592 596 602 617
602 604 605 606 610 616 631
613.9 615.3 616.8 : 618.2 622.5 628.3 642.8
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temperature, and p, the density in A4magat units—Continued

‘ i !
! 360 : 380 ’ 400 j 420 440 460 480 | 500
T I y
|
l —7T4X1078 —667X1078 | —~562X107% ! —460%10-5 —357 X107 ~234X10-8 —68X10-8 +148 X105
P =680 — 564 —442 -318 —194 —62 —+499 302
b —436 —324 —188 51 -89 247 437
L 46T —347 —213 -73 -+69 218 374 550
i
i —336 —241 —111 +29 173 321 475 639
i
660 680
3, 227 X106 3, 8481076
40 60 80 100 120 140 160 180 ’ 200
—1,878X107% | —1,788X10~% | —1,698%10-6 | ~—1,608X1078 | —1,517X10° | —1,427X10- | —1,337X10°% | —1,245X10~8 | —1, 150110~
—1,721 —1,636 —1,550 ~1,465 —1,379 ~1,204 —1,209 —1,122 ~1,033
—1,578 —1,497 —1,416 ~1,335 —1,254 —1,173 —1,092 —~1,011 ~926
1,448 —1,371 —1,204 ~1,216 —1,139 —1,062 —985 —908 ~827
—1,330 —1,256 ~1,182 1,108 —1,034 —961 ~887 ~813 —736
—1,222 —1.151 —1,080 —1,009 —~938 ~868 —797 —726 —652
—~1,123 —1,054 —986 —918 —849 —781 —713 —645 —573
—1,031 —965 —899 —834 —768 —702 —636 ~570 ~499
—946 —883 —820 757 —693 —629 —565 —499 —428
—867 —807 —746 ~—685 —623 ~561 —497 —~431 —361
—694 —637 —580 —523 —465 —407 —346 —280 —210
—548 —495 —441 —386 —330 —273 ~214 —150 —81
—424 —374 —322 ~269 —215 ~159 ~100 -37 +30
—317 —269 —-219 —168 —~115 —60 -2 +59 124
—223 -177 —129 —80 —29 +25 +82 142 204
—141 —96 ~50 -2 +48 100 156 215 275
—69 —25 +20 +67 115 167 222 279 339
~5 +38 82 128 176 227 281 338 397
+52 95 138 183 231 281 335 392 449
103 145 188 233 280 330 383 439 495
149 191 233 277 324 373 426 481 536
191 232 274 318 364 413 465 518 573
230 270 311 355 401 449 500 552 606
265 305 346 389 434 481 531 583 636
297 337 379 421 465 511 560 611 663
326 366 408 150 493 538 586 637 688
354 394 435 476 519 563 610 660 711
380 419 459 500 543 586 632 681 731
404 442 482 523 565 608 653 701 750
426 464 503 544 585 628 672 719 768
446 484 523 563 604 646 690 736 785
465 503 541 581 622 664 707 752 800
499 536 574 613 653 694 736 780 826
529 565 602 640 679 719 761 804 849
555 590 626 663 701 741 782 824 868
578 613 648 684 721 760 800 842 885
599 633 667 703 739 777 816 857 900
618 651 684 719 755 792 831 871 913
634 666 699 734 770 806 844 884 925
648 680 713 747 782 818 855 894 935
661 692 725 758 792 828 865 903 943
672.6 703. 4 735.2 768.1 802.0 837.2 873.6 911.4 950. 4
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TaBLE 17. Values of (dZ/d,)r at integral values of T, the

Temperature p=0 1 2 3 6 10 20
0°C e 617. 7X10-8 619, 1X10-¢ £20. 5X10-8 6219108 626. 2108 631, 9C10-8 646, 410

- OO 625.4 626.8 628.2 629.6 633.8 639. 5 653.8
643. 5 644.9 646.3 647.6 651.8 657. 3 671.2
645.2 646. 6 647.9 £49.3 653. 4 638.9 672.8
661.7 £63.0 664.4 665.7 £69.7 675.0 688. 5
675.5 676.8 678.1 679.4 £83. 2 688.4 7016
687.1 £88.4 689.6 690. 9 694.6 699.7 72,5
693.7 695.0 696. 2 697. 4 7011 706. 1 718.7
698.9 £98. 1 699. 4 700.6 7042 709. 2 7216
705.2 706. 4 707.6 708.8 712.4 717.2 729.3
712.3 713.4 714.6 715.8 719.3 724.0 735.8
718.3 719.4 720.5 7217 725.1 729.7 7413
723.4 724.5 725.6 726.7 730.1 734.6 745.9
721.7 728.8 729.9 731.0 7343 738.7 749.8
7314 732.5 733.5 734.6 737.8 742.1 753.0
7345 735.6 736.6 7876 740.8 745.0 755.8
737.1 738.2 739.2 740.2 743.3 747.5 758.0
739.3 740.3 741.4 742.4 745.4 749.5 750.8
7412 742.2 743.1 7441 747.1 751.2 7613
742.7 743.6 744.6 745.6 748.6 752.5 762.5

Temperature p=220 240 260 280 300 320

—1,084X10-8 —956¢10-8 —857X10- — 7581070 —658107 — 5581078

—941 ~847 —751 —653 —553 —452

—837 747 —653 ~ 555 ~454 —351

742 —654 ~ 562 —464 —362 —258

—655 — 569 —477 ~380 ~217 ~174

—573 —489 —308 ~301 —200 —98

—496 —a13 ~32 —220 ~131 —31

—428 ~342 — 235 —163 —68 +30

—353 —274 —190 ~102 —10 +86

—287 —211 ~131 —46 +44 138

~137 —62 +15 +94 177 264

-9 +64 137 213 293 376

499 169 241 316 393 475

191 260 331 403 480 560

270 338 408 480 555 633

340 406 475 546 620 696

402 467 534 504 676 751

457 520 586 655 725 798

507 568 632 699 768 840

552 611 673 739 807 878

592 650 71 775 841 911

628 685 745 807 872 941

660 716 775 536 900 968

£89 744 802 862 925 992

716 770 827 336 948 1,014

740 754 850 908 970 1,034

762 816 871 930 990 1,053

783 836 891 948 1,008 1,070

802 854 908 965 1,024 1,085

819 871 924 980 1,038 1,099

835 886 938 993 1,051 1,11 :
849 899 951 L 1,005 1,062 1121 |
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absobiute temperature, and p, the density in Amagat units—Continued

I !
40 60 80 | 100 l 120 140 160 180 i 200
| ! :
! J
676. 1108 706. 7X10-8 738.4X1076 771.0X10-6 804. 9X 108 839.810-6 876. 1X10-8 913.6X10-8 952. 5X10-%
683. 2 713.5 744.8 777.1 810.6 845.2 881.1 918.2 956.7
699.8 729. 2 759. 7 791.2 823.7 857. 4 892.3 928. 4 965.8
701.3 730.7 761.0 792.4 824.9 858.5 893. 2 929.2 966. 5
716, 2 44,7 774.2 804. 7 836.2 868.8 902.5 937.4 973.5
728. 4 756.2 784.8 814.5 845.1 876.7 909.5 943.3 978.4
738.6 765.6 793.5 822.3 852.1 882.9 914.7 947.6 981.6
744.4 770.9 798.4 . 826.6 855.9 886. 1 917.3 949.6 983.0
747.1 773.4 800.6 828.6 857.6 887.6 918. 5 950. 5 983.6
754.2 779.9 806. 4 833.7 861.9 891.1 921.2 952. 4 984.5
760, 1 785.2 811.0 837.7 865. 2 893.7 923.0 953.4 984.7
765. 1 789.5 814.8 840.8 867.7 895.5 024.1 953.7 984.2
769. 2 793.1 817.8 843.3 869. 5 896. 6 924.6 953.5 983.3
772.6 796. 0 820.2 845.1 870.8 897.3 924.6 952.8 981.9
775.4 798.3 822.0 846.4 871.6 897.5 924.2 951.8 980.2
7776 800. 2 823.4 847.3 871.9 897.3 923. 5 950. 4 978.2
779. 5 801. 6 824.4 847.8 871.9 896.8 922.4 948.9 976. 1
780.9 802.6 825.0 848.0 871.7 896. 1 921.2 947.1 973.8
782.1 803. 4 825.3 847.9 871.2 895.1 919.8 945.2 971.3
782.9 803.9 825.4 847. 6 870.5 894.0 918.2 943.1 968, 7
340 360 380 400 420 440 460 480 j 500
—461X10 —356%X 10 —241X10-% —111X10-% +29X10- 1731075 321104 475108 639X10—
—352 —249 —139 —-15 +120 259 403 553 707
—250 --149 —42 +76 203 335 471 12 759
—157 —57 -+48 162 281 404 531 664 804
—73 +27 130 240 353 468 588 715 849
+2 102 204 310 418 528 643 765 894
+68 168 270 373 478 585 697 815 939
128 228 329 431 534 640 750 864 984
183 282 382 484 587 692 800 913 1,031
234 332 431 532 635 740 848 961 1,079
355 450 547 647 752 861 973 1,089 1,210
464 536 652 751 855 963 1.075 1,191 1,312
561 651 745 842 944 1,050 1, 160 1,274 1,394
644 733 824 919 1,018 1,122 1,231 1,345 1,465
715 802 892 984 1,081 1,183 1,291 1,405 1,526
77 860 948 1,039 1,134 1,234 1,340 1,454 1,576
829 911 997 1,086 1,180 1,279 1,384 1,496 1,616
875 956 1,041 1,129 1,221 1,319 1,422 1,531 1,646
916 996 1,080 1,167 1, 258 1,355 1,456 1, 561 1,670
953 1,082 1,115 1,201 1,201 1,387 1,486 1, 587 1,693
985 1,064 1,146 1,231 1,320 1,414 1,511 1,611 1,715
1,014 1,092 1,173 1, 257 1,345 1,437 1, 533 1,633 1,736
1,041 1,117 1,197 1,280 1,366 1,457 1, 552 1,652 1,754
1,064 1,140 1,218 1,299 1,384 1,473 1, 567 1,667 1,768
1,085 1,159 1,236 1,316 1,399 1,487 1, 580 1,678 1,779
1,103 1,176 1,252 1,331 1,413 1, 500 1, 591 1, 686 1,783
1,120 1,191 1,266 1,345 1,426 1,511 1, 600 1,693 1,790
1,136 1,205 1,278 1,356 1,436 1,520 1, 607 1, 699 1,795
1,150 1,218 1,29 1,366 1,444 1,52 1,612 1,704 1,799
1,162 1,229 1,300 1,374 1,451 1,531 1,616 1,707 1,801
1,173 1, 240 1,309 1,381 1, 457 1, 536 1,619 1,707 1,800
1,183 1,248 1,317 1,388 1, 462 1,539 1,620 1,706 1,797
Properties of Hydrogen 421
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Tasre 17. Values of (dZ/d,)r at integral values of T, the absolute
Temperature p=220 240 260 280 300 320
874X 10-5 922X108 97210~ 1, 025X 10~ 1, 081X 10~ 1, 140X 10-5
895 943 992 1,043 1,098 1,156
013 961 1,009 1,060 1,113 1,169
929 976 1,024 1,074 1,126 1,180
943 989 1,037 1,086 1,137 1,190
956 1,001 1,048 1,096 1,146 1,198
967 1,011 1,057 1,104 1,154 1,205
976 1,020 1, 065 1,111 1,160 1,211
984 1,027 1,072 1,117 1,165 1,215
991.0 1,033.1 1,076.8 1,122.1 1,169.3 1,218.3
992.9 1,034.7 1,078.2 1,123.3 1,170.2 1,219.0
996.6 1,038.0 1,081.0 1,125.6 1,172.0 1,220.2
1,004. 5 1,044.7 1,086.4 1,129.7 1,174.7 1,221.4
1,005.2 1,045.3 1,086.8 1,130.0 1,174.8 1,221.4
1,011.0 1,049.8 1,000.1 1,131.8 1,175.1 1,220.1
1,014.7 1,052.3 1,001.3 1,13L.7 1,173.6 1,217.1
1,016.9 1,053.4 1,091 2 1,130.3 1,170.9 1,212, 9
1,017.6 1,053. 4 1.090. 4 1,128.8 1,168.5 1, 209.7
1,017.8 1,053.2 1,089.9 1,127.9 1,167.2 1,207.9
1,017.8 1,052.2 1,087.8 1,124.7 1,162.9 1,202. 4
1,017.1 1,050.6 1,085.2 1,121.0 1,158.0 1,196.4
1,015.8 1,048.4 1,082.1 1,116.9 1,152.9 1,190.2
1,014.0 1,045.8 1,078.6 1,112.6 1,147.6 1,183.8
1,011.9 1,042.9 1,074. 9 1,108.0 1, 142.1 1,177.4
1,009.5 1,039.8 1,070 1,103.3 1,136.6 14,1710
1,006.9 1,036.5 1,067. 0 1,008.5 1,131.0 1,164.6
540 oo e 1,004.2 1,033.1 1,062.9 1,003.7 1,125.4 1,158.2
1,001.2 1,029.6 1,058.7 1,088.8 1,119.9 1,151.9
998.2 1,026.0 1,054.6 1,084.0 1,114.4 1,145.7
995.1 1,022.3 1,050. 3 1,079.2 1,108.9 1,139.5
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emperature, and p, the densily in dmagat units—Continued

340 1
—

1, 201X10-9 ‘
1,213
1,227

1,237
1,246
1,253
1,259
1,264

1,267
1, 269. 3
1,269.7
1.270.3
1,269. 9
1,269.7

1, 266.
1, 262.
1, 256.
1,252
1, 250.
1.243.

[N R

1, 236.
1,228,
1,221
1,213,
1, 206.

[SRE= IR

1,199.2
1,192.0
1,184.9
1,177.9
11711

!

360 | 380 400 | 420 440 460 480 400
|

1,264X10°6 | 1,330X10-¢ | 1,399X10-8 1, 471X10-8 1, 545X 1078 1, 623X10-8 1, 706X10-4 1, 794X10-3
1,276 1,341 1,408 1,478 1, 550 1, 626 1,707 1,792
1,287 1,350 1,416 1,484 1,550 1,629 1,708 1,790
1,296 1,358 1,422 1,489 1, 559 1,632 1,708 1,788
1,304 1,365 1,428 1,493 1, 561 1,633 1,708 1,787
1,310 1,370 1,432 1,496 1. 562 1,633 1,708 1,786
1,315 1,373 1,434 1,497 1, 563 1,633 1,706 1,783
1,319 1,376 1,436 1,498 1, 563 1,631 1,702 1,778
1,321 1,378 1,436 1,497 1,561 1,628 1,697 1,771
1,322.4 1,377. 6 1,435.2 1,495.1 1,557.6 1,622.8 1,690.8 1,761.8
1,322.5 1,377.4 1,434.6 1,494.2 1,556.3 1.621.1 1,688.6 1,759.1
1,322.4 1,376.6 1,433.1 1,491.9 1,553.2 1,617.1 1,683.7 1,753.1
1,320.3 1,372.8 1,427.3 1,484.1 1,543.3 1,604.8 1,669.0 1,735.8
1,320.0 1.372.3 1,426.6 1,483.2 1,542.2 1,603.5 1,667. 4 1,734.0
1,315.3 1,365.7 1,418.1 1,472.5 1,529.2 1,588.1 1,649.5 1,713.4
1,.309.0 1,357.7 1,408.2 1,460. 6 1,515.1 1,571.8 1,630.8 1,692.0
1,301.8 1,348.8 1,397.5 1,448.0 1, 500. 6 1,555. 1 1,611.8 1,670.7
1,206.7 1,342.6 1,390.2 1,439.6 1,490.9 1,544.1 1,599. 4 1,656.8
1,293.9 1.339.3 1,386.4 1,435.2 1,485.8 1,538.4 1,593.0 1.649.7
1,285.6 1,329.8 1,375.1 1,422.3 1,471.2 1,521.9 1,574.6 1,629.2
1,277.2 1,319.7 1,363.8 1,409.4 1,436.7 1, 505.8 1,556.6 1,609.3
1.263.6 1,309. 9 1,352.6 1,396.8 1,442.6 1,490.0 1,539.2 1,580.1
1,260.1 1,300.1 1,341.6 1,384.5 1,428.9 1,474.8 1,522.4 1,571.6
1,251.6 1,280.5 1,330.8 1,372.4 1,415.5 1,460. 1 1,506.2 1,533.9
1,243.2 1,281.1 1,320.2 1,360.7 1,402.6 1,445.8 1,490.6 1.536.9
1,234.9 1,271.8 1,310.0 1,349. 4 1,390.1 1,432.1 1,475.6 1,520.5
1,226.8 1,262.8 1,300.0 1,338.4 1,378.0 1,418.9 1,461.2 1,504.8
1,218.9 1,254.0 1,290.3 1,327.7 1,366.3 1,406. 2 1,447.3 1,489.8
1,211.2 1,245.5 1,280.9 1,317. 4 1,355.0 1,393.9 1,434.0 1,475.4
1.203.6 1,237.2 12717 1,307.4 1,344.1 1,382.0 1,421.2 1,46L. 5
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Many thermodynamic equations involve de-
rivatives in which P, V, and T are the variables of
state. Applications of the tables of this paper in
which the variables are Z, p, and T to calculations
of properties involving derivatives in which the
variables are P, V, and T may be facilitated by
means of equations relating the P, V, T and the
Z, p, T derivatives. The following are adequate
for many ordinary uses:

D(dB) I (4) _T(48) _ I(42)
p\ar),~P\a7T a1z

V(dP\ o (dP\ ., p (dZ

TJ(W .~ P (d—,, Tz (d—p>T (4:3)

_z@_f) _1’(@ _z(d_s>. 1+7(
V\dT/» p\dT/» V\dP/,

d
veg(8),
(4.4)
The Joule-Thomson coefficient x may be utilized
to illustrate the use of these formulas. Thus for
purposes of calculations with the tables of this
paper, the familiar equation

(@)l e
is put in the form
T/dZ
_<d1€>f, po 1+—?<ﬂ1”~1 , (4.6)

p (dZ
1+5(3,),
where V, is the molar volume of hydrogen at
standard conditions and C, is the molar heat
capacity at the given conditions of 7 and P or
T and p.

In correlating the PVT data for hydrogen the

function
TV PV -

T h7A logo BT (4.7)

was used, where 7} is the Kelvin temperature of
the ice point. Reported temperatures were re-
duced wherever possible to a thermodynamic scale
having the ice point temperature 273.16°. All
available data were considered in this work but
only those appearing most reliable were used and
these were weighted according to their apparent
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precision. The data used [39, 61, 63, 65, 66, 67,
70 to 74, 76, 79, 81, 85, 88, 91, 177] are plotted in
figure 6 with the exception of a few observations
at temperatures below 29° K and at densities
lower than p=10, which were omitted because in
these regions of low precision the scattering is so
great that the points would be confusing.

A lower boundary to the ¢ versus p gas-liquid
diagram in figure 6 is furnished by the vapor-
liquid saturation line and the freezing curve.
These are represented in figure 6 by dashed lines.
The saturation line for the vapor rises steeply
onto the diagram at low densities and with de-
creasing slope approaches tangency to the critical
isotherm at the critical point which is indicated
by an asterisk. The saturation line for liquid
hydrogen is a nearly straight and horizontal line
from a density somewhat greater than the critical
to the triple point. The freezing curve, which
represents the values of ¢ for liquid “hen for a
given temperature the pressure is great enough
to cause the liquid to freeze, rises nearly vertically
from the triple point and bends towards higher
densities.

The saturation curve on the vapor side was
obtained with the help of the vapor pressure
equation (eq 7.2) and the PVT representation
given by eq 4.14 and table 19. On the liquid side
it was obtained from the same vapor pressure
equation and the volumes of the liquid at satur-
ation pressure, given in table 31 and discussed in
section VIII. The freezing curve was obtained
from the melting point-pressure relations given
in table 30 combined with extrapolations based
on the higher density observations of Bartholomé
for the isotherms of the liquid which are given in
table 32.

The isothermal curves of figure 6 represent final
table values. The curves are not necessarily the
best fit for the experimental data for each indi-
vidual isotherm inasmuch as the curves and table
values are the result of correlating all the data
and include the temperature dependence which,
while it does not affect the relative position of
points on one isotherm, may shift the whole
isotherm somewhat. Isotherms that depended
upon only a few individual observations and cov-
ered only a small range of densities were given less
weight than others. For a given isotherm, data
at higher densities, corresponding to larger devi-
ations from the ideal gas law, were usually given

Journal of Research
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Ficure 6. Plot of PVT data

greater weight than data at low densities. In fact
in some instances the low density data were given
zero weight. Data at the highest temperatures
do not appear to be very reliable, probably because

Properties of Hydrogen

Sfor H, in the flurd states.

of penetration of the containers by hydrogen. At
very low temperatures the deviations from the
ideal gas law have not been measured very pre-
cisely because the pressure range over which
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measurements can be made is limited by condensa-
tion.

Cragoe has shown that for densities up to p=500
the 0° C isotherm is fitted to within experimental
accuracy by the equation ¢=b-+cp. Figure 6
shows that, although this linear relation between
o and p fails at low temperatures, it is valid within
experimental error over a considerable range of
temperatures above 200° K. This relation was
made the basis for the correlation of the PVT data
above 0° C. The different method used for cor-
relating the data below 0° C is described under (b).

(a) Region Above 0° C

Above 0° C, equations of the form s=b-+cp
were fitted to the PVT data plotted in figure 6,
and b and ¢, the intercept and slope of an iso-
thermal line, were determined as functions of 7.
The quantity Z=PV/RT thus obtained as sa
function of T and p,

PV/RT=exp 2.30259 % B{(T)p+c(TpY=

exp [B(T)p+C(T)p?, (4.8)

was used for the calculation of the tables of Z,
P, (dZ[dp)z, (dZ/dT),, and (d*Z[dT?),.

Before fitting functions of T to b and ¢, small
corrections were applied to some of the data. A
constant error in 7 and constant factor errors
along an isotherm in P, V, and the number of
moles of gas, cause deviations from the true iso-
therm that are very nearly proportional to 1/.
Such hyperbolic deviations from a straight line
are most easily detected in data extending from
low to high densities. A change in V by 0.2 per-
cent is sufficient to considerably straighten the
573.16° K (300° C) isotherm of Wiebe and
Gaddy, and raise the line drawn through their
adjusted data so that it intersects the ¢ axis of
figure 6 only 0.7 unit below the table line for
573.16° K and crosses the table line at p=550.
Wiebe and Gaddy call attention in their paper to
an estimated error of 0.05 to 0.10 percent in the
volume of their high pressure steel pipette at
200° and 300° C. It would seem that some part
of the 0.2-percent adjustment, which straightens
the 300° C isotherm of Wiebe and Gaddy, might
be attributed to small temperature and pressure
errors and to some loss of hydrogen in the steel.

Hyperbolic adjustments proportional to 1/p of

426

Bartlett’s higher temperature data straighten the
isotherms and improve their agreement with the
lines representing the tables. A comparison of the
observations of Michels, Nijhoff, and Gerver [79]
at different temperatures for nearly constant
values of p, revealed apparent small hyperbolic
trends of the data for the separate isotherms
superposed on one larger though small random
pattern of scattering common to all their iso-
therms. Using their 0° C isotherm as a reference
line, their other data were adjusted to remove the
hyperbolic deviations. The points of figure 6
represent reported data adjusted only to the
Kelvin scale having 273.16° at the ice point.
Least square determinations were made of the
straight lines fitting the adjusted o versus p iso-
thermal data for the different observers separately.
From these, values of intercept b and slope ¢
were obtained for the different observers at each
temperature of measurement. Holborn’s data
above 0° C, however, were used only for obtaining
intercepts, the slopes of adjacent isotherms of
other observers being used with his data.
Expanding the exponential of eq 4.8,

PV|ET=1+ Bp+[(1/2)B*+ Clo*+1((1/6) B*4+BCls’
+[(1/24)B*+(1/2) C*+ (1/2) B Clo*+. .. (4.9)

shows that B (T) is the second virial coefficient
and that a correlation of intercepts b of g-isotherms
is essentially a correlation of values of the second
virial coefficients of hydrogen. Formulas express-
ing the dependeace of the second virial coefficient
on temperature have been derived theoretically
on the assumption of simple laws of intermolec-
ular forces. One of the most satisfactory form-
ulas is based on a law of intermolecular force of
the form X\, 7 *—X\,»™ and is due to Lennard-
Jones. For n=13 and m=7, the Lennard-Jones
formula for B is

B=B1T_1/4+BQT_3/4+B3T_5/4+. .y

where all the coeflicients B, of this infinite series
are determined by A\, and \,. Following essenti-
ally a procedure used successfully by F. G. Keyes
[89], we used only the first three terms of this
series and selected values for B, E,, and F;
which resulted in the best fit of a three constant
equation with the intercepts of the s-isotherms.
Our formula,

B=0.0055478 T~14—0.036877 1'~3/4—0.22004 T *",
(4.11)

(4.10)
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intended for use above 0° C, passes through the
intercept of the —50° C isotherm determined by
the correlation below 0° C.

The slopes of the s-isotherms were represented
by a two term empirical formula without theoreti-
cal justification, except that it involves powers of
T which make C go to zero as 7 grows very large.

C=0.0047887732—0.04053T 2  (4.12)

The exponents of T were chosen so as to simplify
the temperature function coefficients in the power
series in p of eq 4.9.

The tables from 270° to 600° K have been
computed on the basis of these formulas, and in

0.06 percent for the 100° C isotherm, and for the
other isotherms it is of this approximate magnitude
or smaller. At low densities the deviation for the
0° C isotherm does not appear to be systematic.
On the other hand, it will be seen that there is a
systematic deviation at densities greater than 500
with the experimental values for ¢ less than those
obtained by linear extrapolation from the interme-
diate densities. This trend is supported by the high
pressure data of Kohnstamm and Walstra [61, 81],
also shown in the figure. If the representation of
the ¢ isotherm by an equation is extended beyond
p=>500, it will be necessary to include a small
quadratic term in the expression for .

70

T 7 7
| CATA OF MICHELS & GOUDEKET
: Hy o D o

DATA OF KOHNSTAMM BWALSTRA
. H, AT 20°C

|
|
200 000

600 700 800

Freune 7. A plot of part of the PVT data for Hy and Dy from 0° C o 150° C.

this temperature range the various derivatives
tabulated have been calculated analytically.

It was not until considerably after the prepara-
tion of the tables on hydrogen that we were able to
examine the data of Michels and Goudeket pub-

_lished in Physica 1941 [91]. Values of ¢ for these
data on H, are shown as solid circles in figure 7
with the tables represented by the solid straight
lines. The agreement for H, is not complete but
seems fairly satisfactory at moderate densities. At
low densities there are discrepancies, roughly
hyperbolic, which have the appearance of the
hyperbolic deviations resulting from small sys-
tematic errors discussed earlier in this section. If
the hyperbolic deviation is attributed to a sys-
tematic error in the volume, the error amounts to

Properties of Hydrogen

(b) Region Below 0° C

At low temperatures the o versus p isotherms
are curved; making it difficult to decide how the
isotherm should be drawn at low densities where
the data were meager and the precision was low.

Another function, 7%*V/V, <1—Z—;%,/,>; plotted

against p=V,/V as abscissa gave lines which ap-
peared to be straight at low densities for tem-
peratures below 56°K, though there is consider-
able curvature at high densities. In figure 8,

T 3/2V/Vo<1 —g—‘; +0.0006p=y is plotted against

p, the term 0.0006p being added to make isotherms
nearly horizontal at low densities and thus in-
crease the scale of the plot. The sensitivity to

4217
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small changes of PV/RT at p=200 and 7T=55° K
is 18 times greater in figure 8 than in figure 6 and
14 times greater at p=200 and 7=33° K. The
curves of figure 8 were drawn to fit the data for
each particular isothern considered independently,
and though the curves do not represent the tables
exactly they agree closely with them. Below
31°K the data were not sufficient and precise
enough to determine consistent isothermal curves
when the isotherms were considered independently.
The data lower than 29°K were not plotted be-
cause the double valued nature of y causes the
data below 29° K to fall in the same region on the
diagram as is covered by the data above 29° K.

At first it appeared that the critical isotherm in
figure 8 could be represented by a straight line
from p equal to zero to p greater than the critical
density. However, the conditions that (dP/dV),
and (@°P/dV?)r be zero at the critical point impose
upon the slope and curvature of the isotherm at
the critical point the conditions

8/2
<g—f>T _I 2 I;“;{c— 1)—}—0‘0006,

In addition, values for the critical temperature and
pressure should satisfy the vapor-pressure
equation.

Only a single determination has been made of
the critical temperature and pressure of hydrogen
[62]. The critical isotherm was located some-
where between the 2 measured isotherms at 32.94°7
and 33.29° K, and was at the time (1917) con-
sidered to be 33.19° K with a certainty of about
0.1°, though in 1925 it was stated in a footnote to
Leiden Communication 172a that 7. should be
about 0.1° lower. The critical pressure inferred
from the P versus V isotherms in 1917 was 12.80
atm. Later in 1917 [142] the vapor pressure
equation of H, above the boiling point was deter-
mined and the value 12.75 atm deduced for P,
using T,=33.18° K (on basis of T,=273.09). Two
determinations [62] were made of the critical den-
sity based on the extrapolation of the rectilinear
diameter. These gave p,=345. The values re-
ported in later leiden Communications have
not in all cases been the latest determined values.
The most recently reported Leiden values [69] are

7 Unless otherwise stated, temperatures are expressed on the Kelvin Secale
with Tp=273.16°.

=
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Tc;33.19°K (on basis of 7,=273.16), P,=12.751
atm and 1/p,=0.02909 or p,=344. The lower criti-
cal temperature 33.1° K inferred from Leiden
Communication 172a is supported by the agree-
ment of the vapor pressure 12.81 atm, calculated
from vapor pressure equation (eq 7 .2) with the
critical pressure determined in 1917 from the
p versus V isotherms.

Difficulties are encountered in obtaining agree-
ment with the experimental PVT data (fig. 8)

vapor pressure equation (7.2). These critical con-

stants are listed in table 18.

TaBLE 18. Critical constants of hydrogen
; \q P.V.
0 cVe
T. ’ P, pe=T7 Ve BT,
l |
°K am i cm3mole~!
33.19 12.98 335 66. 95 0.3191

It seemed reasonable to assume that the iso-
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Figure 9.

on the basis of 7,=33.1° and P.=12.81 atm,
however, unless the critical density is inferred to
be about 320, in Amagat units, instead of the
reported values 345 or 344. This difference in
critical density seemed too large on the basis of
the probable precision of the density measurements
The adjustment has instead been so made and
the critical isotherm in figure 8 so drawn that T,=
33.19°, P,=12.98 atm, and p,=335. This value
of P, is consistent with the PVT data and with

Properties of Hydrogen
807127—48—6

T °K

Intercepts and slopes from figure 8.

therms of figure 8 are straight lines up to p=200.
This assumption was used in correlating the
observed data below the critical temperature
where the data were scarce and the precision low.
In figure 9 the intercepts A and the slopes " of
the isotherms of figure 8 are plotted as functions
of the temperature. The curve for the slope
was extrapolated smoothly to lower temperatures
as slopes could not be obtained from the data
below 33° K.
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Also shown in figure 9 are values for A calculated
from second virial coefficients-determined experi-
mentally by Schéafer [85]. Schifer reported the
results of his PVT measurements as virial coeffi-
cients B (T)=d(PV/RT)/dP at constant tempera-
ture and at P=0. The values of A=—(RT%?
VoB'(T) obtained from Schifer’s results agree
well with those obtained from data of the Leiden
Laboratory as shown by figure 9. Schéfer observed
no consistent difference between the second virial
coefficients of para hydrogen, normal hydrogen,
and a one to one mixture of ortho and para
varieties.

The equation for the straight part of the y-
isotherms of figure 8 may be written

T32 PV
e (1_ZTT>=A+O"’

where O'=("—0.0006, C’ being the slopes plotted
in figure 9 of the y-isotherms in figure 8. Values
of 4 and C and their derivatives are given for
hydrogen in table 19. The values of PV/RT from
p=0 to p=200 and from T=14° to T=56° K in

(4.14)

TABLE 19. Hydrogen values of A and C (and derivatives)
in the equation for isotherms

|4 PV
Tzﬂva <1—R—;>=A+Cp

[Applicable at Amagat densities less than 200]

T " A ‘ c dA/dT dcldT
° Ky ° Ky ° K2 ° g
0.575¢ | —35,621X10™7  0.00388 | —75x10™8

5827 | —5,636 00330 | —82

L5887 | —5,653 00264 | —90

.5933 | —5,672 00192 | —100

5965 | —35,693 00116 | —112
4. L5981 | —5,716 00040 | —127
b S L5981 | —5,743 —.00032 | —145
8. L5966 | —5,774 —.00097 | —165
30 e, R .5940 | —5,809 —.00154 | —187
32 . 5904 | —5,848 —.00202 | —213
34 .. .5858 | —35,802 —.00243 | —245
36 . L5805 | —5,943 —.00280 | —282
38 . 5746 | —6,003 —.00317 | —320
40 . L3679 | —6,071 —.00356 | —358
42 .5604 | —6,146 —.00397 | —396
4 . .5521 | —6,229 —.00438 | —436
46 . 5429 | —6,320 —.00476 | —478
48 .. .5330 | —6,420 —.00509 | —522
50, e, {5225 | —6,520 —. 00540 | —565
B2 . | L5114 | ~5,646 —.00572 | —603
54 ... ‘ .4996 | —6,770 —.00608 | —636
I | . 4871 J —6, 900 — 00650 | —664

|

TABLE 20. Pressure, densily, and PV/RT for saturaled
H; vapor
‘ 1
‘ T P p PVIRT
°K atm Amagats

S 0.0728 1.445 0.98415
L2018 3.562 . 96768
. 4551 7.321 . 94396
. 8891 13.311 .91283
1. 5645 22.235 . 87420
2. 5453 35.017 . 82783
3. 8986 53.02 77208
5.695 78.55 70776
8.010 116.33 62732
10. 933 180. 94 51554

12,68 335 .3191

table 13 were calculated using eq 4.14 with table
19. Table 20, giving the pressure, density, and
value of PV/RT for saturated H, vapor, was pre-
pared similarly using the vapor pressure equation
for n-H, (eq 7.2). For certain uses eq 4.14 with
table 19 may be more convenient than the tables
of PV/RT and its derivatives.

For temperatures below 56° K and densities
greater than p=200 where ¥ could not be rep-
resented by a simple function of p, a table was
made of values of  for each p and T entry in the
Z-table. The y-values of this table were obtained
from figure 8 by graphical interpolation. Large
plots of y-isochores, 20 Amagat units apart, on
¥ versus T graphs were made of values of ¢ read
from figure 8. Values of ¢ at 2-degree intervals
were read from the isochores. A Z(p,T) table was
calculated from the ¥(p,T) table.

From 56° to 273° K, the s-function rather than
the y-function was used because above 56° K the
o-isotherms approach linear functions of the
density. The method of graphical interpolation
used below 56° K was used above, also, to obtain
a table of s-values for the p and 7 entries of the
Z-table. The accuracy of graphical interpolation
was mmproved by using more sensitive plots than
figure 6 of modified o-functions obtained by adding
to o simple functions of T and p, which brought
the isotherms and isochores closer together so that
they could be ecasily plotted to a large scale.
Values of & were obtained at densities as high as
p=2500, although between 70° and 200° K meas-
urements were not available at densities this high.
This region was filled in by extrapolation of o-
curves to higher densities along isotherms and by
interpolation along isochores between the upper
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and lower temperature regions where there were

data to determine the trend. From the o(p,T)
table & Z(p,T) table was obtained by calculation.

The Z(p,T) table obtained through graphical
nterpolation of the ¥ and ¢ isotherms as has just
peen described was smoothed along isotherms and
along isochores by inspection of second differences.
In general the Z-tables are smooth to one unit In
the last digit.

The tables of (dZ/dT), and (dZ/dp)r below 0°C
were for the most part calculated from the
smoothed Z table by the method of Rutledge
(179] for the calculation of derivatives from
smooth sets of tabular values of data® In the
region below 56° K and p=200, where the ¢
versus p isotherms are straight lines, the following
equations, obtained by differentiating eq 4.14,
were used with table 19 to calculate the deriva-
tives

iz 3(1—Z dAa 2 d
<d_T _3( ) p p 0(4.15)

=5 T TRdT TRdT
dz 1
<(Tp == [A+2(0"—0.0006)s]. (4.16)

Where the derivatives could be obtained both by
the method of Rutledge and by eq 4.15 and 4.16,
the agreement was very satisfactory. The (dZ/dp)r
and (dZ/dT), tables were also smoothed along
isotherms and isochores by inspection of second
differences.

The (d2Z/dT?), table below 0° C was obtained
throughout by the method of Rutledge from the
smoothed (dZ/dT), table and was also smoothed.
The equation for (d?Z/dT?), corresponding to eq
4.15 for the first derivative was considered too
involved for easy computation.

In general, the tables of derivatives are smooth
to the last digit recorded.

(c) Reliability of Tables of PVT Data

By inspecting figures 6 to 8 it is possible to
arrive at some general conclusions regarding the
deviations of the observed dats from the Z(p,T)
table. It may be noted that, except at low
densities, the deviations of the observational
values of ¢ from the curves representing the table
are of about the same magnitude at different
densities along a given isotherm up to p=>500.°
This means that deviations of (PV/RT)—1

8Assuming that differences of higher order than the fourth are negligible.
9 For still greater densities larger deviations occur as shown by figure 7,
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along an isotherm are approximately proportional
to the density. At low densities the deviations are
large because the sensitivity of the ¢ and ¢ plots
approaches infinity as p approaches zero. It is
difficult to make an estimate of the probable error
in PV/RT based on the deviations because, as
is seen, the greatest deviations are the systematic
differences between the results of different ob-
servers and are not accidental errors as should be
the case if error theory were to apply. The user
of the tables can make an estimate of the mean
difference between the observed and tabulated
values of PV/RT, in any particular region of
temperature and density by noting the deviations
shown on the graph and from these calculating
the corresponding deviations in PV/ET. For
temperatures below 60° K it would be best to use
figure 8 for this purpose as it is plotted to a larger
scale than is figure 6.

In constructing the tables for the intermediate
temperature regions where analytical equations
of state were not used, just enough digits were
retained so that changes made in smoothing
would be confined to the last digit. As a con-
siderable amount of smoothing resulted from the
graphical methods used, many of the irregularities
in the measured values were not apparent in the
unsmoothed tables.

It is believed that throughout the table the
values were carried out to at least as many
significant figures as were at all justified by the
data, and that the last digit recorded should be
considered very uncertain. In that part of the
table between 77° and 200° K which was filled in
by interpolation and extrapolation the last two
digits should be considered uncertain, the last
recorded digit being retained to achieve continuity
with the rest of the table.

The tables are thought to be most reliable for
temperatures between 273° and 373° K (0° and
100° C), because at these temperatures the
experimental difficulties encountered are not as
great as at higher and lower temperatures. Also,
as is shown by figure 6 the results of several
different investigators are in agreement at these
temperatures. Above 373° K the experimental
data are not as self-consistent as at temperatures
immediately below. As the values of PV/RT
given in the tables for these higher temperatures
are derived largely from an extrapolation based on
the temperature region between 273° and 373° K,

431



an estimate of reliability of the high temperature
portion of the tables involves both the applica-
bility of the correlating function, eq 4.8, and the
precision of the experimental data. Considering
the differences between the isothermal lines
determined by different sets of experimental data
of different observers and the same observer at
different temperatures, it seems probable that the
extrapolation is more reliable than the experi-
mental data at temperatures above 473° K.

It is doubted that PV/RT is known to better
than 0.2 percent for densities as high as 100
Amagats near 33° K, the critical temperature.

Below the critical temperature, the data are not
very satisfactory. In addition to the difficulties
of making measurements at low temperatures,
there exists the circumstance that below the
critical temperature the range of vapor densities
that can be covered is limited by the density of
saturated vapor. At low densities the deviations
(1—2) from the ideal gas law are small and hence
difficult to measure precisely.

There is another method of obtaining values of
second virial coefficients which may be advanta-
geous for the low temperature region. It involves
the determination of the velocity of sound, which
has been carried out for gaseous hydrogen at
liquid-hydrogen temperatures and various pres-
sures by van Itterbeek and Keesom [77], using a
resonance method. The change of the velocity of
sound with pressure at very low pressures is re-
lated to the value of the second virial coefficient
and to its first and second derivatives. Because
of this relationship, it is possible to determine the
second virial coefficient from the velocity of sound
if the second virial coefficient is already known in
an adjacent range of temperature. Van Itterbeek
and Keesom concluded that the agreement be-
tween their own measurements and the PVT data
was ‘“‘rather good”, although for both types of
data the scattering was quite appreciable.

In calculating the tables of derivatives by the
method of Rutledge, the criterion for retaining
significant figures in the recorded values was the
same as that previously mentioned, namely,
enough places were carried so that the changes
resulting from the smoothing were in general con-
fined to the last digit. Asin the case of the tables
of PV/RT, it is believed that the tabulated values
of the derivatives are given to as many significant
figures as arc justified by the data.
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2. Deuterium

The interesting features of the PVT data for
deuterium are most evident when deuterium is
compared with hydrogen. The difference between
the second virial coefficients of H, and D, has been
investigated theoretically [86, 87], though a com-
plete treatment of the problem has not been made.

Assuming the same intermolecular forces for
H, and D,, classical mechanics and statistics
lead to the same equation of state for H; and D,.
The quantum theory of virial coefficients leads
to effective volumes of molecules and to second
virial coefficients that are larger than the classical
values, the differences being small at ordinary
temperatures but becoming large at low tem-
peratures.!

In table 21 are given ratios between quantum
mechanical and classical values of second virial
coefficients, for gases whose molecules are rigid
nonattracting spheres. They may also be con-
sidered as ratios between apparent molecular
volumes for the two treatments. These ratios are
based on formulas derived by Uhlenbeck and Beth
[84]. Columns 2 and 3 are for gases with molecular
weights 2 and 4, respectively. The value of the
ratio depends, among other things, upon the
diameters of the rigid spheres. Here the size of
the spheres was taken to be the same for the two

TaBLE 21. Ratio between quantum mechanical and classical
second virial coefficients for nomattracting rigid spherical
molecules * of molecular weight M

B quantum B quantum
T B(izlassical for =2 B glassical- for M=4 !
|
° K i
600« eoo . 1.2t 115 |
800 i 1.30 1.21 !
100 ool 1.52 1.37 ’
25 e 2.7 2.0 ;
- I 4.6 2.6 1

* With diameters caleulated from the van der Waals’ b for hydrogen.

10 The application of quantum mechanics instead of ordinary mechanics
has as one effect for rigid spherical molecules the removal of the classical
discontinuity in the calculated distribution of molecules for pair separations
corresponding to contact between the sphercs. As smaller separations are
prevented by the impenetrability of the spheres, the continuity is established
by a reduction of the molecular density for separations greater than that
corresponding to contact. The effect is large for separations of sphere surfaces
up to a considerable fraction of the de Broglie wavelength (for which
k/+/2mkT is a representative value) and depends through this ur.Jo'n
the temperature. This reduction of molecular density bevond the mini-
mum separation could be represented roughly in a classical description as
an increase of the volume from which 1 molecule causes the centers of other
molecules to be excluded. In classical theory the second virial coeflicient
for nonattracting rigid spheres is proportional to the excluded volume.
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gases and to be equal to the size calculated from
the van der Waals & for H.

Although it would scarcely be expected that the
rosults of calculations for rigid nonattracting
spheres would apply to real H; and D, molecules,
it would seem likely that qualitative indications
would be correct, at least at higher temperatures
where the excluded volume predominates over the
intermolecular attractive forces in determining
the magnitude of the second virial coefficient.
This is borne out by experiment, the difference in
second virial coefficients (By,—Byp,), being posi-
tive, though smaller than would be indicated by
table 21 for rigid spheres by a factor of about 2.6
at 300° K. Uhlenbeck and Beth derived an ap-
proximate quantum mechanical representation
for the second virial coefficient applicable at high

80
‘ : 10° Bh,
- - 0
| : ‘ ? 5
! i i
_ 6 -
L ; - | .
< / =3
9
g . 2008
Z W/ f ! 2
&40 : &
Ty | ‘ r -
o ;
"5 ! : 400
(\ i ‘ %
20 1 1
I \ | : |
: : : 600
! ' I
! 10° (Bn,~B0,) :
% 200 400 600
T K

Fiaure 10. Second virial coeflicient for H. and the difference
between second virtal coefficients for Ha and Da.

temperatures for molecules with radially sym-
metrical force fields. Their formulas were applied
to hydrogen and deuterium by de Boer and
Michels [87] upon the assumption that the inter-
molecular forces were the same for H, and D,.
They obtained differences between the virial co-
efficients for H, and D, represented by the upper
temperature portion of one of the curves of figure
10. In a later paper by Michels and Goudeket
[92] attention was called to the fact that the inter-
molecular forces of hydrogen and deuterium do
differ a little because the mean internuclear
separations of H, and D; molecules are different
as 8 result of the different zero point vibrations
of their nuclei.

Properties of Hydrogen

The effect of the intermolecular attractive
forces overbalances the effect of the excluded
volume or the repulsive forces of the molecules
in determining the magnitude of the second virial
coefficient at low temperatures, and makes the
coefficient negative. Nevertheless, at low tem-
peratures, as at high temperatures, the difference
in second virial coefficients By,— By, is positive,
partly for the reason already discussed in the case
of high temperatures, namely the larger apparent
quantum-mechanical volume of H, molecules, and
partly for another reason. There is a closer spacing
of the discrete negative energy states and smaller
zero point energy for pairs of D, molecules than
for pairs of H; molecules because of the mass dif-
ference, so that by reason of the Boltzmann fac-
tor, exp [—energy/kT), there is a greater degree
of association or clustering together of I, mole-
cules than of H; molecules. Without a coasidera-
tion of the Boltzmann factors for these negative
energy levels the effect of the difference of mass
would be less clear, as the quantum treatment for
the continuum would require that the spacing of
the levels there be smaller for D, than for H, in
essentially the same ratio as in the case of the
discrete negative energy levels. With these or
similar ideas in mind, Schéfer [86] derived a
formula for the difference in second virial co-
efficients for H, and D, at low temperatures,
which involved a constant whose magnitude he so
chose as to obtain a fit with his experimental
values for the difference in the second virial
coefficients.

Figure 9 shows values of A in the equation of
state (eq 4.14) calculated from the second virial
coefficients of deuterium for the temperature
range 23° to 45° determined experimentally by

Schifer [85].

A=—TdZdp)g uo=—T*2B,, (4.17)

where B; is the second virial coefficient in the
equation of state PV=RT (1+B,p+Bp*+. . .).
The dashed line curve in figure 9 was obtained by
adding to the A’s for H, the differences between
the A’s calculated from the differences between
the second virial coefficients of H, and D, which
Schifer determined partly theoretically and partly
empirically. Schéfer’s measurements were made
on deuterium at low densities and hence do not
give information on higher virial coefficients.
Approximate values of PV for deuterium at low
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temperatures may be found by using values of A
from figure 9 in eq 4.14, and either neglecting the
C term or preferably using the corresponding
value of C for H,.

Values of the function o= (TV/T,V,) logi,
(PV/RT) calculated from the data of Michels and
Goudeket [92] for D, are shown as open circles in
figure 7. The dashed straight lines for deuterium
are obtainable from the equation

PV/RT=explB(T)o+C(T)pYl,  (4.18)

where

B(T)=0.0055298 71— 0.036040 T3/ —
0.25878 5+

and
C(T)=0.00580T-32—0.05657T-2.

The constants in the formula for B have been so
chosen that the difference between D, and H,
Intercepts on the s—axis is in close agreement
with the theoretical result of de Boer and Michels
[87] from 250° to 450° K.

In figure 10, a curve marked 105 (Bg,— Bp,) shows
the trend of differences between secend virial
coefficients based on the theoretical calculations
above 150° K and on the results of Schifer below
50° K with an interpolation between. It may be
inferred that the differences between the PVT
data for H, and D, decrease rather rapidly with
increase of temperature. For comparison, the
curve marked 10° By,, in figure 10, shows on a
different scale the magnitude of the corresponding
second virial coefficient for H; at the same temper-
atures.

If 1t is assumed that the ¢ or (TV)T,V,) log
(PV/RT) isotherms for D, and H, are parallel,
values of PV/RT for D, may be obtained from
those tabulated for H, by (1) calculating the
om, OT o for Hy, from the values of PV/RT, T and
p, (2) subtracting the difference (a;,2~—aD2)p=o to
get op,, and then (3) calculating the correspond-
ing value of PV/RT for D,. A plot of the
difference 10° (6#,—0p,)e=0 Which may be used
for this purpose is shown in figure 11. An alter-
native method based on the assumption that only
the second term of the series expansion eq 4.9
for PV/RT is to be changed is as follows. 10°
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(By,— Bp,), obtained from figure 11 by multiply-
ing 10% (0,—0p,)s=0 by 2.302585 T,/T or obtained
directly from figure 10, is multiplied by 10~* and
the product subtracted from PV/RT for H, to
give PV/RT for D,. This alternative method is
simpler than the other method and may be as
reliable.

| \L
; \
—~
T 2
S
L
)
o ~_|
I E—
¢}
0 200 400 600
T °K
Ficure 11. Difference between intercepts of o versus p

zsotherms for Hy, and D,.

V. Calculation of Thermal Properties
of the Real Gas

The calculation of thermodynamic properties of
a real gas from values of these properties for the
ideal gas rests upon the principle that the differ-
ence between values of a thermodynamic function
at different densities for the same temperature
may be determined from data of state for the gas
at the given temperature.

The entropy and free energy of a gas are depend-
ent upon the pressure, even in the ideal state, and
in tables 4 to 8 they are given for the hydrogens
in the ideal gas state at a pressure of 1 standard
atm. On the other hand, the internal energy,
enthalpy, and specific heat in the ideal gas state
areindependent of density at constant temperature.

Equations 5.1 to 5.8 show how, using the data of
state expressed in the form, Z=Z(p, T), the
thermodynamic properties of the rcal gas at a
temperature 7 and an Amagat density p may be
calculated from properties for the ideal gas state
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at a pressure of 1 atm, given for the hydrogens in
tables 4 to 8.

PV, T
RT, —In T —Ino—

[
LS”p'Jj(éeal gas)=SP=1§ (ideal)_+_ln

f "UZ—1)/pldo— f " 1T(dZ/dT),}o)dp
’ ’ (5.1)

This can be expressed in a slightly different form
by using the identity

f U Z—1)/pldp+ f " T(dZ)dT),/p)dp=
0 0

()7 [ 1z~ 1)ipide}iar,

(5.2)

Huromon =£I—§3“5}?‘“ - L [T(dZ]dT),/pldp+(Z—1).
(5.3)

Fp, T (real z:\s)_F;=l, T (ideal) POVO

’R(T =57 —Hn T+ln P+

ﬁ (Z—1)fpldp+(Z—1). (5.4)

In [f (fugacity of real gas)/P]———J;p (Z—1)/pldp—

EP real gas E idea)
BT ="py " —(T(dZ/dT),/pldp. (5.6)

O,; ) real gas Cov ideal e
(O () >—2ﬁ (T(Z/dT),/plde

- f [ T(d2Z{dT?),o)d. (5.7)

(OP) T (ideal) __

(OP)Q T (real gas) __

2 f (T(Z/dT),loldp— f (T@Z/d T, o) dp +( 08
0 [1]
(1Z+ T(@Z/AT), I 1Z+»(dZ/dp)a] ) — 1.

In order to facilitate the calculation of the
thermodynamic properties of hydrogen in the real
gas state, tables 22 and 23 were computed.!
Lagranglan four point formulas [181] were used
for the tabular integrations.

Table 22 is intended for use in the calculation of

1 For the calculation of these tables the authors are indebted to Messrs
Roger E. Clapp, Kingsley Elder, Jr., and Robert Mann, who worked as

student assistants at the National Bureau of Standards during the summer
of 1941,
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entropies. The values in the second column,
headed (S;p.;—S82;)/R, are for the difference
between entropies of hydrogen in the ideal gas
state at l-atm pressure and at unit Amagat
density, divided by R.

POV0 T
BT, TRT=

o o
Sp=1. 7 (idesl) ~ Sp=1, T Gideal) __ —In

—0.000618+1In T/ Ty (5.9)

The row at the bottom of the table, headed
(S5-1—S8°)/R, is for the difference between entro-
pies in the ideal gas states at Amagat densities one
and p, divided by R.

o

o
Spsl. 2" (ideaD —Sp. T (ideal)

=Inp (5.10)

The other rows and columns of table 22 headed
(8°—8)/R give the differences between the entro-
pies in the ideal and real gas states at the same
temperature and density, divided by E.

ﬁ.T(ideal)E p,T(real):___J;p [(Z—l)/p]dp+

ﬁ | T(@ZjAT),/oldo (5.11)

In order, then, to get S/R for the real gas
hydrogen at a temperature 7' and Amagat density
p, one subtracts from S°/R, obtained from S§°
given in table 8, the sum of three numbers for the
appropriate values of 7 and p to be obtained from
table 22: one comes from the second column,
headed (S,.,—S;-1)/R; another from the bot-
tom row of the table, headed (S;.,—S°)/R;
and the third from the rows and columns of the
table headed (S°—S8)/R.

Table 23 is for the difference between the
enthalpy of hydrogen in the ideal and real gas
states at temperature 7" and Amagat density p,
divided by ET.

H "‘“‘“‘Eﬁ“ e = L 1T (dZ/AT),fo)dp—(Z—1).
(5.12)

Hence to obtain H/RT for hydrogen in the real
gas state, one subtracts the appropriate value of
(H°—H,)/JRT in table 23 from the value of
H°/ET obtained from H® given in table 8 for the
deal gas state.
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Values of F/RT, E/RT, and In(f/P) may be
obtained rather simply from values of S/R and
H/RT and the Z-table in accordance with the
following equations:

F/RT=(H/RT)— (S/R) (5.13)
hl %ZFp,T(real)E]{?p.T(idea!)_ln Z (514)
E/RT=(H/RT)—Z. (5.15)

The V&lue of [Fop, T(ldeald)™ L'p, T (reai)/RT]
may be obtained by subtracting (S°—S)/R, given
in table 22, from (H°—H)/RT, given in table 23.

The calculation of the heat capacities of the real
gas involves the evaluation of

(1 @ziaz), i

o d[H°— dP dapP d [H°— H°—H
Cremn— ool B= 15 [ F277 ) (7). (&)~ ([P ]) ) - B

This may be carried out using the (A*Z/dT?),
table (table 16), and a method of tabular
integration. Table 23 may be used to obtain

L | T(dZ/dT),/pld, since from eq 5.12 it follows
that

[ 1@z 01 do=

H°—H
RT

(from table 23)+(Z—1). (5.16)
In the temperature and density ranges where Z
may be represented by an analytic expression,!
these two integrals may be evaluated by using
series expansions for Z and its derivatives in the
integrands. The difference between the specific
heats at constant pressure for the real and ideal
gas states may be calculated using the equation

(5.17)

5D S 2 BN DD

The derivatives in eq 5.17 may be calculated from
tables 14 and 23, using a method of tabular differ-
entiation. Except for the first term, the deriva-
tives in eq 5.17a are given in tables 15 and 17.

04 J /v

Lo12

1010

Si

|
, |
) |

o 20 40 60 80

"
Y

FicurE 12.  Effect of density on specific heat of Hs at 50° C.

Figure 12 shows the dependence of the specific
heat at constant pressure for hydrogen at 50° C
upon the Amagat density p. The curve represents
the results of the evaluation of formula 5.8, using

444

the PVT correlation of this paper. The plotted
points are observations by Workman [49]. No
other direct experimental data on the effect of
pressure upon the specific heat at constant pressure
are available for hydrogen.

An indirect indication of the effect of pressure
on the specific heat of hydrogen is found in the
work of van Itterbeek [78], who used the results of
van Itterbeek and Keesom [77] on the effect of
pressure on the velocity of sound in hydrogen at
liquid hydrogen temperatures. The results of
van Itterbeek at a pressure of one-tenth of an
atmosphere indicate that the increase of ¢, with
pressure above the zero-pressure value agrees
with the PVT prediction within 3 percent at
17.5° K and at 19.0° X, but is lower by more
than 30 percent at 20.5° K. At pressures above
% atm at 20.5° K, this difference in heat capacity
has become approximately 0.1 cal deg™ mole™,
but this discrepancy is reduced by roughly 30
percent if the data of van Itterbeek and Keesom
are evaluated with values of C,—C, based on
the PVT tables of this paper.

12 Up to p=500 at temperatures above 0° C, the equation Z=exp (Bp+Cr?)
has been used. This is eq 4.8 and eq 4.9 is its series expansion. The symbels
stand for functions ot 7, which are given by eq 4.11 and 4.12.

From p=0 to p=200 and 7T=14° to 56° K Z can be expressed by Z=1—
(A/T¥)p—(C/T¥?p?, which is equivalent to eq 4.14. The symbols 4 and
C stand for functions of T, whose values are tabulated in table 19.
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The specific heat of hydrogen at constant
colume has been determined by Eucken [169]
various combinations of temperature and

for
° t0 110° K and 60 to

density in the ranges 35
150 Amagats.

Joule-Thomson coefficients of hydrogen may be
of interest. These may be calculated from eq 4.6.
For this calculation there are required: the value
of C, which may be calculated using eq 5.8 or
5.17. Values of Z, (dZ/dT),, and (dZ/dp)r are
given explicitly in tables 13, 15, and 17. By
using values of C, for H; at oO C derived from
figure 12, the following values of u for 50° C were
obtained by calculation: at p=20, u=-—0.0350
deg atm™; p=40, u=—0.0364; p=60, p=—0.0378;
=80, p=—0.0390, and p=100, w=—0.0402.
By extrapolation, one obtains for u at p=0 the
value —0.0335.

There are no accurate measured Joule-Thomson
data for hydrogen for 50° C with which these
calculated values of x may be compared.

Results of measurements on Joule-Thomson
effects in hydrogen and deuterium at liquid air
and room temperatures have been published
recently by Johnston and coworkers [57, 58],
with curves showing calculated values for hydro-
gen based on the tables of this paper.* Consider-
ing that the Joule-Thomson coeflicients are not
obtained with great simplicity from the PVT
data and depend sensitively on the trends of the
representation, the agreement is considered fairly
satisfactory.

The location of the inversion curve for the
Joule-Thomson effect in hydrogen on a p-1" graph
may be determined from tables 15 and 17 by find-
ing values of p and T for which T(dZ/dT),=
o(dZ/dp)r, in accordance with eq. 4.6.

An expression for p in terms of derivatives of the

enthalpy, H, is
dH / dP)'r

( )( >_<d_Tp<d7§T

In accordance with this equation the inversion
curve may be determined by inspection of the
—H)/RT table (table 23), since u=0 where

<d(H° /RT>

*The tables of this paper were completed before the papers by Johnston
and coworkers {57, 58] on the Joule-Thomson coeflicientsof Hzand Dz appeared.
Our correlation of PVT data would doubtless have been better if these Joule-
Thomson data had been available at the time the correlation was made.

(5.18)

(5.19)

Properties of Hydrogen

The heavy curve in figure 13 is the inversion
curve of hydrogen as given by the correlation of
this paper. In locating it, values of P were deter-
mined with the help of table 14. For temperatures
below 75° K some extrapolation beyond the limit
of the tables was necessary. In this extrapolated
region the o versus p diagram, figure 6, was worked
with, and the relation for the inversion curve on
this diagram was used to get the extrapolated part
of the inversion curve directly from the ¢ versus p
diagram.

In a Joule-Thomson expansion of hydrogen at
constant temperature from a high to a very low

220 [ } r 7

200 h"’-H=O ‘ ’
180 ngl; | ‘
S
160 ‘ !

|4OM\ | |

120

x
+ 100
o

80

==
40 //%/// “ZR=H =160 cal molé”
77 /

20 ‘
. |
o] 40 80 120 160 200
P, Atmospheres
Figure 13. Curves related to the Joule-Thomson

cooling of H,.

density, approaching zero density, there is a
change in enthalpy equal to (H°—H). In figure
13 the curves that cross the inversion curve hori-
zontally are curves of constant H°—H. As H°isa
function of temperature, these constant (H°—H)
curves are not isenthalpics.

The horizontal crossing of the inversion curve
by the (H°—H) curve is related to the fact that y,
which is zero along the inversion curve, is equal
to (dH/dP)y/(,, which means that along the inver-
sion curve (dH/dP)y is zero. The enthalpy change
(H°—H) is equal, very nearly, to the amount of
refrigeration, per mole of gas, available for the
liquefaction of hydrogen in a Hampson or Linde
low pressure type of hydrogen liquefier in which 2
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continuous flow of gaseous hydrogen is allowed to
expand from a high to a low pressure without
doing work against an external force system.
The fraction z of the high pressure hydrogen flow
that might, theoretically, be liquefied is

_H-H _ H-H
THH, T H —H.FL)

(5.20)

where H and H’ are the enthalpies of the com-
pressed and expanded hydrogen at the tempera-
ture at which the compressed hydrogen leaves the
precooler and enters the last stage interchanger
before expansion; L, is the heat, of vaporization of
liquid hydrogen at the boiling temperature deter-
mined by the pressure of the expanded hydrogen;
and (H,,—H,,)=L, is the difference in enthalpies
of saturated vapor and liquid in equilibrium at the
pressure of the expanded hydrogen. Only a rela-
tively small error is made in z if in place of H’
and H,,, for the real gas at atmospheric pressure
one uses the enthalpies H° and H°,,, of hydrogen
in the ideal gas state at the same temperatures as
would be used for H’ and H,

vep*

o
.’KZI%’ (5?1)
For a temperature of precooling equal to 65° K,
the error introduced by the approximation is
about 0.5 percent.

The lines of figure 13 that are roughly parallel
to the inversion curve and converge with it at
the inversion point, 204.6° X, are lines showing
the pressure at which H°— H has reached a given
fraction of its maximum value for the given
temperature. As the inversion curve is the line
of maximum values of (H°—H) it is also the
1C0-percent line in this family of constant per-
centage lines.

In the free expansion of a continuous flow of
gas not doing work against an external force
system, the maximum refrigeration is obtained by
expanding from the inversion pressure for the
given temperature of the compressed gas. The
curves of constant percentage of maximum values
of (H°—H) are also curves of constant percentage
of the maximum available refrigeration in an
expansion to low pressure.

Figure 13 makes apparent how greatly the
refrigeration and the fraction of hydrogen liquefied
(eq 5.21) by a Hampson type liquefier are increased
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by lowering the temperature of the compressed

hydrogen before it enters the final interchanger
from which expansion of the hydrogen takes place.
It is also seen that the condition of highest inversion
pressure (92° K and 165 atm) is by no means the
most favorable condition for liquefaction; a further
cooling of the compressed hydrogen by 32 degrees
nearly doubles the refrigeration produced and more
than doubles the fraction liquefied. It is also seen
from figure 13 that for the usual range of tempera-
tures (55° to 90° K) to which compressed hydrogen
1s precooled before expansion in a Hampson-type
liquefier, about 95 percent of the maximum refrig-
eration is obtained when the pressure of the com-
pressed gas is only 75 percent of the inversion
pressure,

VI. Viscosity and Thermal Conductivity

L. Viscosity and Thermal Conductivity of the Gas
Near Atmospheric Pressure

(a) Hydrogen

Values for the viscosity of gaseous normal
hydrogen at atmospheric pressure for tempera-
tures above the boiling point and at saturation
pressure for two temperatures below the boiling
pomnt are given in table 24. These were calcu-
lated using the empirical equation

e T74650.39
T+19.55(1+1175.9) P

n=85.558 X107 ses (6.1}

for the viscosity at very low pressure,”® together
with values for the small differences between
viscosities at atmospheric or saturation pressure
and at very low pressure (see eq 6.17 and 6.16).
The four constants of eq 6.1 were chosen on the
basis of experimental data near 20°, 90°, 300°
and 685° K. The value used for the viscosity
of hydrogen at 685° K was 0.55 percent larger
than the experimental values of Trautz and Zink
[99], as their value was based on Millikan’s value
for the viscosity of air which is now known to be
low by about this amount.

In figure 14 are plotted deviations of recent
expermmental viscosity data from eq 6.1. No
changes were made in the experimental data for

8 This viscosity at very low pressure is a true or bulk viscosity. The pres-
sure eflect mentioned here is not the familiar low pressure effect on the
apparent experimental viscosity involving the accommodation coeflicient
and the limited size of experimental apparatus.
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TaBLE 24.  Viscosity of gaseous hydrogen (H,)
i i
T n T n | T 7
i

o) Poises °K Poises °K Poises
10, -o- 5L0X1077 || 260_.___ 813.6X10~7 || 620.._._.. 1, 461107
20 .....1109.3 270~ 834.6 640 .. 1,493
30, ... 160.7 280 ... 835.3 660 .- 1,524
10 - 206.8 290_.... 75,8 680. ... 1,555
50 248.9 300..-_. 896.0 700, ... 1,585

i 0. .| 287.6 310. ... 916.0 720 .o 1,616

-0 .....|323.8 320..... 935.8 740 ... 1,646
80 oo 357.9 330_.... 955. 4 760 - 1,675
90 ... 390.3 340 ... 974.8 780...-.-| 1,705
100 ...l 4211 350..... 994.0 800...._.. 1,734
116 _..| 450.8 360..... 1,013 820 ... 1,763 \
190... .. 479.3 370 .. 1,032 840. ... 1,792 {
130 .. | 507.0 380.....1 1,051 860...___. 1,820 !
140...-. 533.8 390._ _.| 1,069 880 _..... 1,842
150. .- 559.8 400 ... 1,087 900 ... 1,876
160.....] 585.2 420.___. 1,124 920 ... 1,904
170 - 610.0 440. ... 1,160 940 _.... 1,932
180...-- 634.3 460. . 1.195 960.._._.. 1,959
190 658, 1 480 ... 1,230 980. ... 1,986
200..... 681.4 500 .- 1,264 1,000 ... 2,013
210 704.3 520. ... 1,298 1,020 ... 2,040
220 ... 726.9 540._._. 1,331 1,040 .. 2,066
230 749.0 560... - 1,364 1,060..__. 2,002
240. ... 770.9 580.... | 1,397 1,080..._. 2,118
250 .- 7924 800_---. 1,429 1,100..... 2,144

the differences in density. Deviations of table
24 values from eq 6.1 are represented mn figure 14
by the peaked curve, which is appreciably above
the zero line between 10° K and 100° K and m
very close agreement with it at higher tempera-
tures. This peaked curve represents the viscosity
at atmospheric pressure above the boiling point
and at saturation vapor pressure below the boiling
point. Different reported values of viscosity at
low temperatures are so poorly in agreement that
their comparison does not indicate the magnitude
of the peak, which has accordingly been obtained
from theory, using data of state. To limit the
crowding of experimental points in the figure,
those plotted represent only data published since
1928, but a few data obtained after 1928 have
been omitted. The data of Trautz and co-workers
[94 to 102] would be in better agreement with the
zero line if increased by about one half percent
for the revision in the value for the viscosity of
air,

It has been pointed out by others that the
Sutherland formula

NG T’J—C
= (r) s

Properties of Hydrogen

(6.2)

does not fit the data for hydrogen over an extended
range of temperature. This may be seen i figure
14 in which the deviations of the Sutherland for-
mula from eq 6.1 are represented by the curve below
the zero line. The constant C was evaluated at
300° K to represent the trend of the best data.

Values of the thermal conductivity of gaseous
normal hydrogen are given in table 23.

TasLe 25. Thermal conductivity of gaseous hydrogen at
1 atm
‘ !
A D T
i |

cal em-! cal em~t
secm1 °C~1 °K secmt°C-t
14.3X10 || 260.._..._. 397.0X30-8
34.6 200, 409.7 i
53.5 280 ... 422.1 |
70.7 290 ... 434.2 ‘
86.5 300 ... 446.3 |
101.4 320........ 469.8
116. 1 340 ... 492.8
130.8 360.. ... 515
145.9 380..___.__ 537
161.3 400....._. 559
177.0 420 ... __ 580
192.9 440._.____. 601
208.8 460._ ... __ 622
224.6 480 ... 643
240. 4 500.. ... 664

‘ 256.0 520 ... 684 ‘
271.4 540 ... 705 :
286. 5 725 :
301.1 745 :
315.4 766 i
329.6 !
343.5 '
357.2 1
370.7
384.0

They were calculated from the equation

k=[1.8341—0.004458 T+ (1.1308+
1

M( +39

In principle, a correction from low pressure to
one atmosphere would be applicable, but it has
been omitted because the uncertainty of the
experimental values is much greater. In eq 6.3,
M is the molecular weight, n the viscosity given
by eq 6.1, C, the specific heat in calories per mole
per degree at constant pressure, and 7' the tem-
perature in degrees Kelvin. This equation is an
empirical representation of the data and was

0.0008973T) (%] (6.3)
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obtained in several steps, which will be explained
in the discussion that follows.

In figure 15, curve A represents eq 6.3, whereas
curves B and C are theoretical and are given for

comparison. Curve C is for Eucken’s relation
k=(9y—>5)Cm/(4M), (6.4)
or its equivalent
k= (C°+41.25R)n/ M. (6.5)

Chapman and Cowling [137] proposed the formula

15 °
/C=[ZO(’Y— 1)+%‘ Uy (5—37) :, 770”/]\1, (6.6)
which is equivalent to
k=[U,C;+ (3.75—2.5U)Rln/M.  (6.7)

The transport of internal molecular energy of a
gas is supposed to be represented better theoret-
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ically as a result of including the quantity U,
which is the ratio of mean free path lengths for
diffusion and viscosity.

Ui is a pure number whose value was deter-
mined theoretically for (1) smooth elastic spheres
and (2) for molecules repelling as the inverse fifth
power of the distance (Maxwellian molecules),
the values being 1.204 and 1.55, respectively.

For Uy equal to 1, curve C is obtained, as eq
6.6 and 6.7 then reduce to eq 6.4 and 6.5. Curve
B of figure 15 is a graph of eq 6.7 with U =1.4,
a value indicated by a group of measurements of
the conductivity near 300° K. It is evident that
the main body of the experimental data is not
consistent with a constant value of U;;. On the
basis of a value of 1.4 for U, near 300° K and a
higher value at 700° K, as indicated by a curve
representing the data, the relation

U =1.1308-+0.0008973 T (6.8)
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was adopted. It was found that the curve was
not critically dependent on the functional form of
U, as a change to U;=a+b+/T altered the
final curve negligibly between 300° and 700° K.

At temperatures somewhat below 100° K, the
ideal gas specific heat of hydrogen at constant
pressure approaches the value (5/2)R character-
istic of 2 monatomic gas. For this value of Cj,
the U, terms in eq 6.7 cancel and eq 6.4 to 6.7
reduce to

k=5 n(C/M). (6.9)

This equation has been derived exactly for a force
that at all distances is repulsive and proportional
to 1/r%. Enskog [132] has shown that for attracting
rigid spheres (Sutherland molecules),

k=[2.522/1(1+0.03C/ T)s C,/ M,

~ where € is the Sutherland constant in eq 6.2.

Thermal conductivities of hydrogen measured at

liquid air temperatures are a few percent lower

than equations 6.4 to 6.9 would indicate. No the-
oretical explanation of this is at hand, but the
agreement of the three independent investigations
In this region indicates that the lower value is to
be accepted. To take account of this, & correction

Properties of Hydrogen

factor 1/(1+3.2/T) has been included, having a
form suggested by Enskog’s theoretical result for
attracting rigid spheres but with the constant
chosen to fit these experimental data. The in-
clusion of this factor also brings the final curve
closer to Eucken’s experimental value at 20.96° K,
which is still almost 12 percent lower than the
curve.

The curve as chosen to fit the thermal conduc-
tivity data is not regarded as completely satisfac-
tory. In the temperature range 270° to 400° K,
the experimental data appear to fall into two
groups, one quite close to the curve adopted and
the other lower by about 7 percent. The lower
group includes the most recent data.

Equation 6.4 to 6.9 make it evident that at low-
temperatures where the specific heats of ortho and
para hydrogen differ, their thermal conductivities
differ also. This difference in thermal conduc-
tivity was the basis of the method of ortho-para
analysis used by Bonhoeffer and Harteck [121].
The temperature or electrical resistance of an
electrically heated wire carrying a given current
determines, after calibration, the ortho-para com-
position of the hydrogen that surrounds the wire
in a tube externally thermostated at liquid air
temperature. A small difference is to be expected
in the viscosities of ortho and para hydrogen by
reason of small differences in their intermolecular
forces manifested by small differences in vapor
pressure, and density of the condensed states.

This difference in viscosities is small and was not
detected in the experiment undertaken by Harteck
and Schmidt [122], in which an accuracy of 1
percent was attained. In later developments of
the so-called thermal conductivity method of
ortho-para analysis, the pressure of the gas was
reduced to make the mean free path large com-
pared with the diameter of the heated wire. For
this condition the ordinary thermal conductivity
is not the controlling factor.

(b) Deuterium

Several investigations have been made of the
viscosity of deuterium at atmospheric pressure,
the most recent being that of Van Itterbeek and
Van Paemel {106, 107], published in 1940. Table
26, which gives values for the ratio between
viscosities of deuterium and hydrogen for several
temperatures, was taken from the paper by Van
Itterbeek and Van Paemel.
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TABLE 26. Ratio of viscosities for gaseous D, and H,

T n(B2)/m(E2)
°K

203 ... 1.40

90 ... 1.38

80 1.37

PO, 1.36

20 1.24

15 1.24

125, ... 1.24

The ratio of the thermal conductivity of deu-
terium at 0° C to the thermal conductivity of
hydrogen also at 0° was determined by C. T.
Archer [127] and by W. G. Kannuluik {130], who
obtained respectively, the values 0.736; and
0.732,. By using the mean of these values with
appropriate values of (', and 5, one obtains for
Uy in eq 6.7 for the thermal conductivity of D,
at 0° C the value 1.55. Archer also measured the
thermal conductivity of various equilibrium mix-
tures of H,, HI', and D,.

For two isotopic gases with identically the same
intermolecular forces, the classical theory values
forthe ratio of their viscosities,and the ratio of their
thermal conductivities at temperatures where their
heat capacities are equal are

miny= \/Z\L/ZMZ and k/k,= \’Mz/ﬂz (6.10)

For H, and D, these ratios have the wvalues:
p,/1m,=1.414 and kp,/ku,=0.707, and are inde-
pendent of the intermolecular force field so long
as it is the same for the two isotopes. The
difference between the rotational heat capacities
of H, and D, at low temperatures by itself makes
the ratio kp,/ky, larger and thus has an effect
opposite to but less than that of the smaller meun
velocity of D, molecules caused by the greater
mass. Using Eucken’s eq 6.4 for k£ and making
allowance for the difference in heat capacities of
H, and D,, one obtains 0.718 for kp,/ky, at 0° C.
The classical theory values for these ratios of
thermal conductivities and viscosities are ap-
proached closely at room temperatures. The
effect of quantum mechanical interaction in
transport phenomena can be described in terms
of increase in the apparent size of the molecules.
In classical theory the size of the molecule plays
an important role, the viscosity and thermal con-
ductivity decreasing as the size increases. For
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hydrogen and deuterium, the quantum mechanica)

increase in apparent size is small at room temper. 3

ature but becomes large at low temperature. The
increase depends also upon the masses of the
colliding molecules and is larger for H, than for
D; at the same temperature. It was pointed out
In the section on the PVT data for deuterium that
the quantum theory of second virial coefficients
includes an effect interpretable classically as an
increase in apparent size of molecules, becoming
very large at low temperatures. The quantum
mechanically obtained increase in apparent size
with lowering of temperature is not the same for
viscosity as that associated with the second viria]
coefficient, however. This is not surprising when
one considers that the increase in the mean
de Broglie wave length with decreasing tempera-
ture increases the diffraction behind a scattering
molecule; an effect that does not enter in the
determination of the second virial coefficient, but
which taken by itself would decrease the apparent
size of a scattering molecule for viscosity.

2. Viscosity and Thermal Conductivity of the Gas
‘ at High Pressures

There are no experimental data on the thermal
conductivity of gaseous H, at high pressures.
For viscosity, however, experimental data ob-
tained by Boyd [134] and Gibson [135] are avail-
able. Gibson’s data, which are for 25° C, are
more precise than those of Boyd and are plotted
in figure 16. It will be seen that there is fairly good
agreement between these better experimental
data and the curve representing the theoretical
formula due to Enskog. Differing approaches
to the problem of relating viscosity and variables
of state will be found elsewhere [133, 136).

In elementary theory, the viscosity and thermal
conductivity for a given gas are proportional to
the product of V, p, and A, where V is the mean
molecular velocity, p is the density, and 4
1s a suitable mean path length for the transfer
of momentum or energy. Although A is often taken
as 1dentical with the ordinary free path of molec-
ular motion, it is actually greater by a small
distance of the order of magnitude of a molecular
diameter, as at each collision the momenta and
energies are transferred an additional distance
related to the diameters of the moleculesinvolved.
Thus instead of A decreasing as 1/p when p I8
increased, which would make pA independent of
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A decreases a little less slowly so as to make
\ increase slightly as p is increased. Accord-
ingly, both the thermal conductivity and the
viscosity of a gas would be expected to increase
with increasing density, particularly when mul-
tiple encounters between molecules occur fre-
quently as in the case of high densities.

Enskog’s theory was developed for s gas whose
molecules were assumed to be mutually attracting
rigid spheres, for which the equation of state has
the form

used by Enskog takes account of simultaneous
encounters of three and four molecules as treated
by Boltzmann and Clausius.

According to Enskog’s theory, the viscosity
and thermal conductivity of a compressed gas are
related to the viscosity 5, and conductivity %,
at low pressure by the equations

n/mo="bp[1/(bpx)+

and

0.8+0.7614bpx . . . ] (6.14)

P4ap®=RTp(1+bpx), (6.11) klky=bp[1/(box)+1.240.7574bpx . . . ] (6.15)
107 °
‘ ‘ 4°
106 ‘ o
105 S i
77
ﬁ 104
103
102 Q9.
101 /D)/‘}/m{
1005 4L 30 120 160 260
%
Y
Froure 16. Effect of density on viscosity of hydrogen at 25° C.

where the constants ¢ and & are assumed to be
independent of T and p, and x is a function of p
expressed in the form of a power series in bp.
The equation of state that was used is thus almost
the same as the Van der Waals equation

P+ap*=RTp(1—bp)'=RTp
[1+0p(1+bp+ b7+ . )]

except for the details of the dependence of x
upon p. The Van der Waals equation is derived
on the basis that simultaneous encounters of
three or more molecules are rare enough to be
neglected. Only at low pressures is this valid
and under this condition terms of the second
degree and higher in bp are neglected in the deriva-
tion. The function

(6.12)

x=1+0.6250p-+0.28696%°+. ... (6.13)
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It follows from eq 6.11, the equation of state
assumed for Enskog’s theory, that

sox=p (37)(&r) 1= 2147 (3%

Thus, the value of bpx may be calculated from the
tables of Z and (dZ/dT), and the value of bp may
then be found with the help of eq 6.13.

Over the range of Gibson’s experimental vis-
cosity data very little change is made in the values
predicted if simple power series expansions in
bpx, obtained from equations 6.14 and 6.15, are
used:

1/o=1-+0.175bpx+0.7557 (bpx)?*—0.405(bpx)?
(6.17)

kfky=1+0.575bpx+ 0.5017(bpx)*—0.204(bpx)?
(6.18)

- (6.16)
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The coeflicient of the last term of each equation
would be changed if higher order terms were added
to eq 6.13, 6.14, and 6.15. Dropping the last
term of eq 6.17 for n/n, does not significantly
change the agreement with Gibson’s experimental
data. :

In order to-show the general magnitude of the
theoretical effect of pressure on the viscosity and
thermal conductivity of hydrogen the preceding
equations have been evaluated for several addi-
tional combinations of temperature and pressure,
using data from the PVT tables. Table 27 gives
the values thus obtained. It is seen that the
calculated relative change in n and k with pressure
1s much more pronounced at the lower tempera-
tures, for which large deviations from the ideal
gas law occur even at moderate pressures.

TaBLE 27. Effect of pressure on wscosity and thermal
conductivity of hydrogen

T P 2/n, kfky
°K atm

18 . 0.455 1.0045 1.0138
2. .. . 889 1.0077 1.0225
22 . 1. 565 1.0126 1.0347
30 . 1 1. 0037 1.0114
30 . 2.04 1..0086 1.0248
38 . 30.4 1.53 1.76

40 .. 1 1. 0021 1. 0068
40 ... 2.80 1. 0067 1.0199
400 ... 37.2 1.53 1.76

S0 . 1 1.0015 1. 0048
80 e 3.55 1. 0060 1.0178
-, 50 1.31 1.49

60 ... 1 1.0012 1. 0037
70 L 1 1. 0009 1. 0030
70 .. 5.06 1. 0051 1.0155
0. . 50 1.11 1.22

80 ... 1 1. 00075 1. 0024
90. . 1 1. 00065 1. 0021
90 .. 6. 56 1. 0047 1.0141
90 e 50.0 1.06 1.13

1000 ..., 1 1. 00056 1. 0018
0. . 1 1. 00049 1. 0016
150 - ... 1 1. 00034 1.0011
250 . 1 1. 00018 1. 0006
400 oo 1 1. 00010 1. 0003
600 - ... 1 1. 60006 1. 0002

3. The Viscosity of Ligquid Hydrogen

The first determination of the viscosity of
liquid hydrogen was made in 1917 by Verschaffelt
and Nicaise [138] from measurements of the
logarithmic decrement of the oscillatory rotation
of a sphere in liquid hydrogen at 20.36° K.
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Later, determinations were made of the viscosity
of liquid hydrogen from 15° to 20° K, in 1938 by
Keesom and Mac Wood [139] from measurements
of the logarithmic decrement of an oscillating
dise, and in 1939 by Johns [140), using the capil-
lary flow method. The reported viscosities are

250 =
e}
n
8. :
230 °~_‘ Viscosity of Liquid Hydrogen
N .. Verschaffelt & Nicaise o
& o Keesom & MacWood o
®! ) Johns <]
210 S N
z i
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© .,
2 h °
2 §
170 © 4 =
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o
“0I4 i5 16 17 8 19 20 21
Temperature , *K
Ficure 17.  Viscosity of liguid hydrogen.

shown in figure 17. The values obtained by
Johns are roughly 10 percent greater than those
of Keesom and Mac Wood except near the boiling
point, 20.4° K. There seems to be no clear
indication in the papers reporting the measure-
ments that either of these two later sets is less
dependable than the other. Accordingly a curve
to represent the present most probable values of
the viscosity of liquid hydrogen was drawn
principally between the two sets. Near the boil-
ing point the curve was drawn approximately
parallel to that of Johns because it was felt that
the lower value of Verschaffelt and Nicaise sup-
ported the more regular variation of viscosity with
temperature as reported by Johns.

VII. Pressure Temperature Relations for
Two-Phase Equilibria for H,, HD, and
D, as Single Components

In this section are presented data on (1) vapor
pressures of solid and liquid H,, HD, and D, with
such derived constants as normal boiling tem-
peratures and triple-point temperatures and pres-
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sures; differences between the vapor pressures of
different mixtures of o- and p-H,; and changes in
yapor pressures of ortho-para H, mixtures result-
ing from self conversion; (2) the pressure-tem-
perature relations for the solid-liquid equilibrium
of He, HD, and D,. The data are presented in the
form of equations, tables, and graphs.

1. Vapor Pressures, Boiling, and Triple Points

The present vapor-pressure data on the hydro-
gens can be fitted with equations of the form

to within the accuracy of the experimental data.
The millimeter of Hg at 0° C and standard gravity

4 Boiling-point and triple-point data from this section have been used in
advance of publication in the ‘“Tables of Selected Values of Chemical Ther-
modynamic Properties” prepared by the National Bureau of Standards in
conjunction with the Office of Naval Research of the U, 8. Navy Department,

1s used in this section as the unit of vapor pressure.
Temperatures are on the Kelvin Scale.

In tables 28 and 29 the vapor pressures, boiling
points, and triple points of the different isotopic
and ortho-para modifications of hydrogen are
compared.

(@) H,

The differences between the hydrogen vapor-
pressure data reported in the literature [143 to
146, 148] are the result, principally, of differences
In the temperature scales used by different observy-
ers and of unknown differences in the ortho-para

composition of the hydrogen.
The vapor-pressure data recently obtained [146]

at the National Bureau of Standards are on the
low-temperature scale established at the National
Bureau of Standards and are for known ortho-

TaBLE 28. Vapor pressures of the several isotopic varieties of hydrogen at integral temperatures and at their triple points and
' boiling points.

[Values marked (*) were obtained by extrapolation of the vapor-pressure equation to temperatures at which no data were available. The o-H; table is

based cn an extrapolation with respect to composition.]

204° K Equilib- | ~ Normal deuterium | 20.4° K Equilibrium
. rl&gllhlg,zgﬁn l\orlr)x}slcé:g’td;?}%e;n s Or tgggggi%g_%lz 100 66.6’2P]§1;cent dggrtcegllérg_%zﬁ Hydrogen deuteride
0-H:
P State P State P State P State r State P State
mm Hg mm Hg mm Hg mm Hg
Solid*_._ 0.05 | Solid*....__. 0.28 | Solid.*
Solid... . i) N do.._._. .99 | Solid.

_.-do.._. LT5 o do_..__. 2.94 Do.

_.do..._ 3 7.46 Do.

Triple 49.1 |..... [« 1 O R SO do...... 4.73 ... do.__.._ 14.6 Do.

point.

Liquid._. 54.0 | Triplepoint_|_._._____{____. do.___._ 524 _____ do.._.._. 5.37 16.8 Do.

--do..._| 854 | Liquid....__|._.___._| ... do.__... 5.44 | Solid._...___. 5.57 16.8 Do.

.do..__ Triple point* 5.68 ... do.._____ 5.82 17.5 Do.

_..do.___ Liquid*_.___ 12.8 [oo.-. do.______ 12.6 34.4 Do.

——-do_..| 183.3 |....do._.__| 149.1|..__. do._.... 25.4 ... do.__.... 26.0 65.2 Do.

--do.__.i 199.7 |..__. do.._... 38.7 92.8 | Triple point.

..-do._..| 2352 (.. do.._.._. 49.6 112.5 ¢ Liquid.

do_.__| 8459 |__.__ do_...__ 88.7 176.4 Do.

-.do....| 442.0 {..___ do.__.__ 128.5 | Triple point.| 234.5 Do.

...do_.._| 446.9 |__._. do..__.. 130.3 | Liquid....__ 237.5 Do.

Y S Do.

...do..._ Do.

_..do.___ Do.

..-do.___ Do.
Liquid*_ Liquid.*

--do_.._| 906.4 |.____ do Do.

...do._._| 118%.0 Do.

_..do._._| 1230.8 Do.

--.do_.._| 1529.6 Do.

g -..do__._| 1734.5 Do.
BT ' 1803.5 .. do___| 1753.3 | . do... .. Do.
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TaBLE 29. Boiling points and triple poinis of the hydrogens

Triple point
Boiling .
point
T P
°K °K mm Hg
20.4° K equilibrium hydrogen (0.21% 0-Ha) 20. 273 13. 813 52.8
38 percent 0-Hz, 62 percent p-Ha ... __..____ 20. 32 13.86 53.0
Normal hydrogen (75% o-Ha).__..____.____. 20. 3% 13. 857 54.0
Orthohydrogen. __..____ ... ... ______ 20.45 14.05
Normal deuterium (66.67% o-Day)___.__.____ 23. 573 18.72 128. 5
20.4° K equilibrium deuterium (97.8% 0-Dy) . 23. 527 18. 69 128.5
Paradeuterium__...________. 23.66 18.78 128.5
Hydrogen deuteride. 22.133 16. 604 92.8

para compositions. Only the NBS results are given
here.

Normal hydrogen (75 percent o-H,, 25 percent
p-Hg):

Liquid: log,P(mm Hg)=4.66687 —

44"‘}569+o.020537f (7.2)

Solid: log;oP(mm Hg)=4.56488—

47'2TO59+0.03939T.

(7.3)
20.4°K-equilibrium hydrogen (99.79 percent p-H,,
0.21 percent o-Ho:

Liquid: log;oP(mm Hg)=4.64392—
44.3450

T +0.020937. (7.4)
Solid: log P (mm Hg)=4.62438 —
O 4 0.03635T, (7.5)

The triple-point temperatures and pressures
were determined experimentally with a low-tem-
perature calorimeter with a platinum resistance
thermometer for the temperature measurements.
Equations 7.2 to 7.5 were made to fit these triple
points, and are based on vapor pressure data
extending from 10.5° to 20.4° K. Although the
equation for liquid normal H, is based only on
National Bureau of Standards data below 20.4° K,
the equation represents, within the limits of exper-
imental accuracy, the Leiden data that extend
nearly to the critical point, 33.19° K. As men-
tioned in section IV, the vapor-pressure equation
for normal hydrogen was used in constructing the
PVT relations for hydrogen. The experimentally
determined triple-point temperatures and pres-
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sures for n-H, and e-H, are given in tables 23
and 29.

Figure 18 is a diagram of differences between the
vapor pressures of a 20.4°K equilibrium mixture
of 0- and p-H, (0.21 percent 0-H.,) and five different
mixtures of o- and p-H, in the liquid state. The
vapor pressure of the 20.4°K equilibrium mixture
is denoted by P(,_g,and that of any other mixture
by Pluswro- Each curve of the graph is for a
single mixture whose composition is indicated on

the graph by its 0-H, composition. The 75 percent

curve is for normal hydrogen. The vapor pressure
differences AP are plotted as a function of the
vapor pressure of the 20.4°K equilibrium hydrogen.
The circles represent the experimental data.

Figure 19 shows the vapor pressure differences
of figure 18 extended into the solid range, for mix-
tures of 38 and 75 percent ortho composition. At
the extreme right of the figure, these mixtures and
the e-H, with which they are compared are all
liquid. Passing to the left, the first sharp break
encountered on either curve corresponds to the
triple point of the mixture. The second sharp
break corresponds to the triple point of e-H,. To
the left of the last break, both materials are solid.
Between the two breaks on either curve, the mis-
ture is solid but the e-H, is liquid.

30
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F1cure 18. Vapor pressure differences for liquid ortho-par®
H, mixtures.
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A comparison of the AP’s for different mixtures
of 0- and p-H; in figures 18 and 19 shows that the
AP's are not proportional to their corresponding
differences in composition. ‘

For ideal solutions the ratio AP/Az, where Az
is the difference in composition, is independent of
the composition at constant temperature. In
figure 20 this ratio is plotted for four temperatures,
the circles representing the experimental vapor
pressure data as given by points on the smooth
curves of figure 18. Figure 20 shows that the
vapor pressures of ortho-para mixtures differ
greatly from ideal solution predictions.

The vapor pressure differences (Po-g,—Py) for
mixtures of o- and p-H; of any composition at
14.00°, 16.00°, 18.00° and 20.39° K may be calcu-
lated from the isotherms of figure 20. Other
isotherms may be determined with the help of
figures 18 and 19. By extending the isotherms
of figure 20 to 100 percent o-H,, the vapor pres-
sure of pure liquid o-H, was determined. The
following equation represents the Vapor pressures
of pure liquid o-H, obtained in this way:

liquid: logiP (mm He)=4.65009— 2272391

0.021168T (7.6)

The triple-point temperature and pressure of
0-H, were determined by a quadratic extrapolation

of the triple point temperatures and pressures of

Properties of Hydrogen

e-H>(20.4° K), m-H,(38 percent 0-H,) and n-H,.
The values thus obtamed for o-H, were 14.05°
K and 55.1 mm Hg. These are in agreement
with eq 7.6 for the vapor pressure of liquid o-H,.

If linear extrapolation is used, omitting the
values for m-H,, one obtains 14.00° K and 54.4 mm
Hg as lower limiting values of the triple point con-
stants for o-H,. The triple point constants of
m-H, were obtained by reading the values P(e-H,)
and AP corresponding to the upper break in the
38 percent curve. The difference of these is the
triple point pressure of m-H,. By substituting
P(e-H,) into the vapor pressure equation (eq 7.4)
for liquid e-H,, the triple point temperature of
m-H, is obtained. The uncertainties in these de-
rived triple point constants of m-H, and o-H, are
greater than for the experimentally determined
values for e-H, and n-H,.

The vapor pressure of a nonequilibrium mixture
of 0- and p-H, changes slowly with time because of
the slow conversion of a nonequilibrium mixture,
liquid or solid, to the equilibrium composition. At
its normal boiling point, the vapor pressure of
n-H, changes at the rate of 0.23 mm Hg per hour
[148]. Paramagnetic substances increase the rate
of conversion. The rate of increase of the vapor
pressure at 20.4° K of a sample of hydrogen con-
taining 0.01 percent oxygen was about three times
that for pure hydrogen.

The interconversion of ortho and parahydrogen
in the absence of molecular dissociation is the re-
sult of an intra-molecular rearrangement of pro-

a5
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Ficure 20. Deviations of vapor pressure of ortho-para H,
miztures from law of ideal solutions.
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tons in the presence of a strong magnetic field,

inhomogeneous on a scale of molecular dimensions.
As p-H, has no net nuclear magnetic moment,

the self conversion of nonequilibrium mixtures
results only from the interaction of o-H, mole-
cules, which do have a nuclear magnetic moment,
with each other and with p-H, molecules. Hence,
the ortho-para conversion in liquid and solid H,
is & bimolecular change.

'—d[o-H2]/dt=kl[0'H2]2_kQ[O_HQ] [p—HQ] (77)

The velocity constant k; is much smaller than k,
in accord with the small equilibrium proportion
of o-H,. At equilibrium, where d[o-H,)/d? is zero,
kofley=[0-H,)/[p-H,]. Values of equilibrium con-
centrations are given in table 12. For liquid hydro-
gen the velocity constant k, for conversion is
0.0114 per hour when concentrations are expressed
in mole fractions. The value of %, for solid Ho,
0.019 hr~* [147], is larger than for liquid H, but
decreases with time due to the immobility of
molecules in the solid. The initial value of &, 1s
restored however by melting and freezing.

(b) D

The vapor pressures of normal and equilibrium
deuterium were measured [149] relative to the
vapor pressure of liquid n-H, from 14° to 20.4° K.
As these measurements are independent of a
temperature scale their functional relations are
given. Vapor pressures are expressed in terms of
mm of Hg at standard conditions.

Normal deuterium (66.67 percent o-D,, 33.33
percent p-D,):

Liquid: logy P(n-Dy)=—1.3376+1.3004 log;
P (n-Hy). (7.8)

Solid: log) P (n-D,)=—1.9044+1.5143
logio P (n-Hs,). (7.9)

204K Equilibrium deuterium (97.8 percent
0-Ds, 2.2 percent p-Dy):

Liquid: logpP(e-Ds)=—1.3302-+1.3000

].Ong (’n/—Hg). (710)
Solid: log P (e-Dy)=—1.8873-1.5106
logloP (’/L—Hg). (711)

Substituting for log;, P(n-H,) values given by eq.
7.2 for liquid n-H, the following equations for
log;oP (D,) are obtained:
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Normal deuterium (66.67 percent o-D,, 33.33
percent p-D,):

Liquid: log;,P (mm Hg>=4.7312—58L]§19
+0.026717. (7.12)
+003110T (713)

20.4°K equilibrium deuterium (97.8 percent

0-D,, 2.2 percent p-D,)

quu1d IOng(mm Hg)___47367_58‘;§40
+0.026707. (7.14)
+0.031027. (7.15)

The triple-point temperatures and pressures for
D, given in tables 28 and 29 were obtained by
simultaneous solution of the vapor pressure equa-
tions for solid and liquid.

The self conversion of nonequilibrium mixtures
of 0- and p-D, proceeds at a very much slower rate
than for H,. Thus no increase in the vapor pres-
sure of liquid n-D; resulting from self conversion
was observed at 20.4° K over a period of 100
hours [149]. The estimated probable error of two
observations extending over 100-hour periods was
4+0.27 mm Hg. The small rate of self conversion
of D,, compared with H,, is a result of the smaller
magnetic moment of the deuteron compared with
the proton. The ratio of nuclear magnetic mo-
ments D/H is 0.26. The relative rate of self con-
version for the same displacements of D, and
H, from the equilibrium ortho-para composition
is proportional, as to order of magnitude only, to
the fourth power of their relative magnetic mo-'
ments, that is to 0.005. Allowing for the smaller
displacement of n-D, from equilibrium composi-
tion and the smaller difference between the vapor
pressures of the ortho and para varieties of D,
the expected ratio of the rates of vapor pressure
change, n-D, to n-H,, is of the order of 107
For a more detailed discussion see reference [149)-

(c) HD

As the two nuclei of the HD molecule are dis-
similar, hydrogen deuteride does not have ortho
and para varieties. Measurements of the vapor
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pressure of HD extend from 10.4° to 20.4° K
[150]- The following vapor-pressure equations
were made to fit the triple-point temperature
16.60,° K measured with a platinum resistance
thermometer in a calorimeter in which the solid
and liquid phases were in equilibrium.

HD:
Liquid: log;, P (mm Hg)=15.04964—

55.2495
T
Solid: log,, P (mm Hg)=4.70260—

56.7154
T

+0.01479T (7.16)

+0.041017 (7.17)

The triple-point pressure of HD given in tables
28 and 29 can be obtained from either of these
equations.
(@) HT and DT

Tritium, T, the hydrogen isotope of atomic
weight 3 is radioactive and has a half-lifetime of
31+8 years [151]. Its disintegration products are
a negative B-particle and He®. Because of its
comparatively short half-life, the natural abun-
dance of T in hydrogen is extremely small. Libby
and Barter [152] determined the vapor pressures of
HT and DT using T made by the irradiation of a
block of metallic Li with neutrons (Li*4n—
He*+T%). The tritium held by the Li as LiT was
liberated by the reaction of H,O or D,O with the
Li block. Gaseous H, or D, with a trace of HT or
DT was obtained. The gas was liquefied and
then evaporated, and the radioactivity of the
evaporated vapor was measured as a function of
the volume of the remaining unevaporated liquid.
From a comparison of the radioactivity of the
vapor leaving the liquid during different periods
of the evaporation, Libby and Barter calculated
the vapor pressures of HT and DT, making use of
ideal solution laws for this purpose. They ob-
tained for the vapor pressures of HT and DT,
254 416 and 123 +6 mm Hg, respectively, at the
normal boiling temperature of hydrogen (20.39°K).
By extrapolation, they estimated that the vapor
pressure of T, at 20.39° K is 45 +10 mm Hg.

2. Pressure-Temperature Relations for Solid-Liquid
Equilibrium

The melting, or freezing pressures, of n-H,,
HD, and »-D, given in table 30 are based on

Properties of Hydrogen

smooth curves drawn through the experimental
data (H,, [153 to 157]; HD [150]; D, [174]) and
cover the same ranges of pressure and temperature
as the data. Figure 21 is a diagram of the devia-
tions of the data for n-H, from the table. The
dashed line shows a 1-percent deviation from the
table and the full-line curve represents the devia-
tion from the table of the equation

log,(237.1+P)=1.85904 log,, T+ 0.24731, (7.18),

where P is in kg cm™2

TaBLE 30. Melting lemperature-pressure relations for
n-H,, HD, and n-D,
T
T
n-Hz HD n-D2

°K “kg em-2 kg cm~2 kg em—2
13.96. ... 0.07 | aoooneil | e
14 ... 14 | coeceeie | e
15 332 | i | e
L, 67.8 | ool | eeiioos
16,60 - eeei| ceenis 0.13 | ceeeo-
| S 103.5 4.2 | .
18 142.3 52.6 | oeeoeon
18.72 | e | e 0.17
19 183.6 92.9 13.9
20 .. 2271 | .. 56.0
272.3 | eeeeeos 100.0
3186 | oo | ceoie
366.0 | _cooooos | meeaoo-
415.0 | eocemein | el
465.6 | ... | _oo_..
518 | ool | emceeoos
572 | e
628 1 Lliiiil ) ameeees
685 | el | eeooo-
44 | | e
867 | cemeicie } aeooooo

996

1,131

1,274
1,422 | oo el
45 . 5821 | el | el
B0 . 2.258 | oieiel | ceeoeaeo
51 T pAVE: L T R (R
[ 3,249 | ... | ..
65 . 3,801 | .} .
0 4389 | iooi0 | caeeeoo-
;RO 5014 | oo | eeceeee
80 . 5674 | ... ) ...

Figure 22 is intended to show the relation
between the melting pressures of n-H,, HD, and
n-D;. The curve for n-H; is a graph of table
values. The curves through the experimental
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data for HD and D, were obtained by a simple
vertical displacement of the H, curve and show
that the differences in melting pressures of the
three isotopic varieties are only slightly dependent
upon the temperature. These differences in
Dressure are 89.6 kg cm™2 for H, and HD and
170.6 kg cm~? for H, and D,. As the change of
melting pressure with temperature, dP/dT, has
nearly the same value for H,, HD, and D,, if
compared at the same temperature, it follows from
the Clapeyron equations that L,/sV, the ratio of
the heat of fusion to the change in volume on
melting, also has nearly the same value for the
three isotopes when compared at the same value
of T. A similar statement can be made for S, /8V,
the ratio of the entropy of fusion to the change in
volume on melting.

The table values of melting pressure for HD
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40 T°K

Melting pressure of n-H, as a function of temperature.

50 60 70 80

and D, were obtained from curves drawn through
the experimental data and not from the curves of
figure 22.

VIII. PVT Data for the Condensed States -

The available date of state for the condensed
phases of H,, HD, and D, are meager [158 to 166]
and in general not accurate enough for the calcula-
tion of reliable values of thermodynamical proper-
ties. The data on the liquid, however, were
used in the construction of the liquid regions of the
o versus p diagrams, figure 6, and the T versus S
diagram, figures 31, 32, and 33.

1. Liquid H,, HD, and D,

In table 31 are given the molar volumes of
liquid n-H,, p-H,, HD, and n-D, in equilibrivm
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TaBLE 31. Molar volumes of normal hydrogen, parahydro-
gen, normal deuterium, and hydrogen deuteride, in the
liquid state

r Volume of liquid at saturation pressure
n-Hy p-Hy n-Dy HD
°K cm? mole~1 | cm3 mole-1 | emd mole-1 | cm$ mole—
13.818. | .. 26,176 | ... | ...
13.96.. ... __.__ 26,108 | | |
4 . 26.119 26.227 ¢ ... | ..
15 . 26. 407 2.518 | ... | ...
16 . 26. 721 26.86 | _____.__ | ...
16.604 . | | e | 24. 487
B Y 27.061 20179 . 24. 594
18 27.426 27.549 | . ___ 24.885
1872 | b 23.162 | ..__....
19 . 27.816 27.945 23.237 25. 211
20 28.232 28. 368 23.525 25.572
20.30 .. 28.401 | o o ..
22 e 2.283 | .. | | .
R SO 30,451 | ... oo | ...
26 3895 [ | | .
28 . 34089 | ... | .. | ...
30 .. 37188 | Ll i ..l
3 . .21 | | |
3319 ... 66.95 | ... 0 .| ..

with vapor from the triple point to the highest
temperature of measurement. From the triple
point to 20.4° K, these equilibrium molar volumes
have been represented by the following equations,
in which temperatures are on the Kelvin scale:

Normal hydrogen [163]:
V{em® mole~!)=24.747—0.08005 740.012716 T2
(8.1)
Parahydrogen [163]:
V(em?® mole™?)=24.902—0.0888 7+0.013104 .
(8.2)
Hydrogen deuteride [150]:
V(cm?® mole™!)=24.886—0.309117-+0.01717 T2
(8.3)
Normal deuterium [174]:
V(cm?® mole™1)=22.965—0.2460T+0.0137 T2
(8.4)

Table values at 20.39° K and lower were calculated
from these equations. Values of the molar volume
of liquid normal hydrogen above 20.4° K were
obtained from the experimental data of Mathias,
Crommelin, and Onnes [161] with the help of a
sensitive interpolation method based upon the use
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of an empirical equation and a deviation graph.
A change was made in the experimental daty
because the value used by Mathias, Crommelin,
and Onnes for the density of gaseous hydrogen at
standard conditions differs from that recom-
mended in this paper on page 396.

Bartholomé [177] measured the molar volumes
of liquid n-H; and n-D, as a function of pres-
sure at three temperatures between 16° and 21°
K. The measurements extended from the vapor
pressure to nearly the freezing pressure. Smoothed
values of molar volumes are given in tables 32 and
33. Bartholomé showed that isothermal changes
in volume to about 9 percent of the volume of
“saturated” liquid can be represented to within
the precision of his measurements, +0.05 cm?
mole™ by Eucken’s equation

1 11 1
s [ty rer]

in which V, the molar volume of the liquid, is
expressed as a function of the pressure P. 1, is
the molar volume extrapolated to zero pressure,
and @ is an empirical constant dependent upon
the temperature. Tables 32 and 33 include
values of the molar volumes of liquid »-H, and
n-D; at freezing pressure for the three tempera-
tures of Bartholomé’s measurements.

(8.5)

TaBLe 32. Molar volumes of liquid n-H, for various
temperatures and pressures.

Pressure T=16.43°K T=18.24° K T=20.33° K

kg cm—2 cm? mole-! cm? mole~! cm? mole~!
Os__..__. 26.87 27.54 28. 43
0. ... 26.59 27.18 27.97
25 ... 26.20 26.72 27.40
[ R, 25. 66 26.10 26. 62
[ TR 25.20 25. 59 25.98
82.6...... 25.08 |ce e e e
L P 25.14 25.42
125 L 24.71 24.9_1.
150 oo 24.30 24. 47
151,98 el 24,27 | e
175 e e 24.09
23.76

2 P K

225 e e 23.48
73 - S N 23.31
s moles _p moles
a=3.80><10-11:;ﬁlsig a=3.93><10‘”Cm?6kg a=4.16X10 “cm‘ﬁkg

e The values at zero pressure were obtained by extrapolation consistent
with the molar volumes at saturation vapor pressure given by eq. 8.1.
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TspLE 33.  Molar volumes of liguid n-Dp for warious  mental data of state on solid H,, HD, and D,.
temperatures and pressures Molar volumes at 0° K were obtained by calcula-
Y
20.97° K tion.

. 3 =19.70° =920.31° K =920.97° N . .
prossure | T=19.70° K TERATR S Molar volumes of the solid at the triple point
—_— . . . .
kg e cms mole=t cma mole-t em3 molet given in table 34 were obtained by subtracting

o o >%  the volume changes on fusion from the triple point
23.06 23.16 28.35  volumes of the liquid calculated from eq 8.1, 8.3
2289 22.97 23.14 4 d o2 .9,
2 74 279 mgs and 8.4. The volume changes on fusion, given

moles

moleé
cm!lé kg

moleé
crmit kg

a=6.75X10-11

a=7.20X10-11 a=7.37X10-1

cmls kg

s The values at zero pressure were obtained by extrapolation consistent
with the molar volumes at saturation vapor pressure given by eq 8.4.

2. Sclid H,, HD, and D,

The crystal structure of solid hydrogen is
thought to be hexagonal close-packed, on the basis
of an X-ray investigation of solid parahydrogen
by the Debye-Scherrer method at the tempera-
ture of liquid helium, conducted by Keesom, de
Smedt, and Mooy [162].

Tables 34 and 35 contain all the available experi-

in table 34, were calculated using the Clapeyron
equation with the calorimetrically measured heats
of fusion (section IX, 3), and dP/dT for the solid-
liquid equilibrium at the triple point (section
VII, 2).

Molar volumes of the solid in table 34 above
the triple-point temperature were obtained from
Bartholome’s measurements of the change in
volume on fusion at the temperatures given in
table 34, and the volumes of the liquid at melting
pressure given in tables 32 and 33.

The molar volumes of solid H, and D, at 4.2°
K in table 34 were measured by Megaw [165] with
a picnometer in which the solid H, or D, was sur-
rounded with liquid helium, the volume of which
had previously been measured as a function of
pressure at this temperature. The compressibili-
ties of solid H, and D; at 4.2° K, given in table
35, were calculated by Miss Megaw from the
results of these measurements.

TaBLE 34.  Molar volumes of solid n-Hy, HD and n-D; and volume changes upon fusion
n-Hy HD 1-Dy
T P Remarks
Volume Volume Volume
Volume Volume Volume
+ change on 5 change on : change on
of solid fusion of solid fusion of solid fusion
°K kg/em? emd/mole cm3/mole cm3/mole cmd/mole cm3/mole cm3/mole
98.7 20.07 1.98 } e o
9.5 20.20 216 T and P for solid-liquid equilibrium.
0.17 20. 48 2.66 | n-D; triple point.
16.60 . . ... __ L1260 21.84 AL, D D HD triple point.
824 .. _. 152.0 22.24 ex s ey
] i 8.6 29,78 } T and P for solid-liquid equilibrium.
W96 .. 0.07: 23.25 n-H triple point.
42 e, 22.65 | e e 19.56 |ocooeee o Solid-vapor equilibrium.
0 19.56 |-
10 19. 50
25 19. 41 Smoothed values based on direct experimental
50 19.28 determination.
75 19.16
100 19. 06
O 1} P2 T (R E B 19.49 | ... By calculation.
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TasLe 35. Erperimentally determined compressibilities,

%(Z—Z)T, of solid Hy and D, at 4.2° K

it H> compressi- D3 compressi-
Compressibility bility bility
kg-1 cm? kg-1 em?
At pressure O kg em=2...__..__.. (6.8 &=1.5) X104 (4.5 £2) X104
At pressure 100 kg em—2_________ 3.2X10+ 2.1X104
Average for range 0 to 100kg cm-?.' (5.0 £0.5) X104 | (8.3 2=0.7) X10~+

Miss Megaw calculated the expansivities of
solid H, and D, at 4.2° and 11° K, given in table
36, using the formuls

AV 174V
C,—C=TV <d—T)P /<F>T’

with the calorimetrically determined specific heats
at constant pressure and volume, and the com-
pressibility measured at 4.2° K (table 35).

(8.6)

TABLE 36. Erpansivities, %(%)P, of solid H, and D,
calculated from Cp,— C,

T l H, I D2
°K ° K-1 ° K-1
4.2 0.24%102 0.17X10-2
1 - 91X102 . 37X1072

The compressibilities and expansivities of solid
H, and D, are large when compared with values of
these properties for other substances. This is
ascribed to the zero-point vibrational energy of the
lattice which for hydrogen is an unusually large
fraction of the negative potential energy of the
lattice. This accounts also for an unusually large
variation in the compressibilities of H, and D, with
pressure (see table 35), and for the variation with
T and V of d In 6/d In V, which derivative of the
Debye 6 is usually regarded as a constant for other
solids [165].

IX. The Thermal Properties of the
Condensed Phases

In this section are included the calorimetrically
measured properties: specific heats and heats of
fusion and vaporization.

1. Specific Heats of the Solids and Liquids
(a) Hydrogen
The specific heats at saturation pressure of solid
and liquid hydrogen were measured (1923) by
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Simon and Lange [171] between 10° and 20° K,
before the discovery of parshydrogen. Clusius
and Hiller [172] measured (1929) the specific heats
of solid and liquid parahydrogen over the same
range of temperatures and obtained the same
values, within experimental error, for the specific
heats of parahydrogen as had been obtained by
Simon and Lange for supposedly normal hydrogen.
Mendelsohn, Ruhemann, and Simon [173] meas-
ured (1931) the specific heats of several mixtures
of ortho- and parahydrogen between 2.5° and
11.5° K. Their results on pure parahydrogen
were in agreement with the earlier measurements
of Clusius and Hiller, the data from 2.5° to
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Ficure 23. Specific heat, C,, of solid H, for various

ortho-para compositions.

14° K fitting rather closely a Debye function
with 6=91° K.

The data of Mendelsohn, Ruhemann, and
Simon are shown in figure 23. It is seen that, at
temperatures below 11° K, the specific heats of
mixtures containing orthohydrogen are larger
than for pure parahydrogen. This difference in
specific heats is connected with the multiplicity
of states belonging to the lowest o-H, rotational
level, J=1. The different states, three in number,
correspond to three different orientations of the
angular momentum vector of an o-H, molecule
relative to the electric field in the hydrogen
crystal. At 0° K, all 0-H, molecules are in the
orientation state of lowest energy. At tempera-
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tures of the order of AEjk, where AE is the
difference in the energy of the states, the dis-
tribution of o-H, molecules over the three states
changes rapidly with change of temperature.
Along with this there is an absorption of energy
and an increase in specific heat. As tempera-
tures are approached that are high compared
with AE/k, the distribution of o-H, molecules
becomes uniform over the three orientation states,
and the specific heat of orientation approaches
zero. It may be seen from figure 23 that 12° K
is effectively a high temperature for this distri-
bution, and that at temperatures above 12° X the
distribution over the three J=1 states must be
practically uniform.

The specific heats, C,, of liquid and solid
hydrogen along the saturated vapor lines are
given in table 37. The C, curves of figures 24,
25, and 26 for n-H; at temperatures above 11° K
represent this table.

In figures 25 and 26 the heat capacity, C,, of
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Ficure 25. Specific heats, Ce and C,, of solid Hy; and D,.

solid and of liquid »n-H, at constant specified values
of the density are compared with the heat capacity,
C;, of solid and liquid n-H, in equilibrium with
saturated vapor. It is to be noted that the C,
curves of these two figures are not for C, of solid
and liquid H, along a line of equilibrium of vapor
and condensed phase. The C, measurements on

the solid were made by Bartholomé and Eucken
7 -~ [176] at the density of solid H; at a melting temp-
P 2 s — 'D"D erature of about 19° K. The C, measurements
T s 3 T TR for the liquid were made by Eucken [169] and by
7 z I Bartholomé and Eucken at densities ranging from
3 ¢ [ g 0.034 to 0.077 g ecm™ (380 Amagats to 860 Ama-
2?2 = gats). The density of liquid n-H, at its normal
3. . : - el boiling point is 0.07097 g em™ (789.7 Amagats).
// The difference between O, in figure 25 for the
"“H/Q: — solid at constant density and C, at densities of
o the solid along the solid-vapor equilibrium line
o]
e EoR s :-K Toew Room is small. The corresponding difference for the
Ficure 24. Specific heat, C., of solid and liguid H,, HD, liquid is larger and, at the critical temperature
and D,. 33.19° K, is of the order of 1 or 2 cal mole™! °K™!
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TasLE 37. Specific heats at saturation pressure of normal
hydrogen, normal deutertum, and hydrogen deuteride in
the solid and liquid states

C, along the liquid-vapor line being greater [176],

The difference between C, and C, for hydrogen is
large when compared with the differences for
other substances having higher boiling tempera-

Hydrogen Deuterium Hydrogen deuteride .
T tures. In general, (C;—C,) is large for low-
G State G State G State boiling substances because of their larger expan
cal mole-1 cal mole1 cal mole~! sivities. . . v
de"alm Solid degt deg! The Debye 6 in the Debye specific heat func-
76 |..do....|  0.88|Sohd..| | .  tion that fits the C, data on solid H, is 105° K.
. ?2 -~-gz ----- - -~-gg ----- ‘;gg s°11)id This may be compared with 91° K for C,.
. ——— . ——- . 0. .
The specific heats at constant pressure of com-
.06 5.31| Liguid pressed liquid hydrogen and gaseous hydrogen
W | am|o_do..| L8| -do.. 13| Dpo.  were measured by Gutsche (178] for temperatures
18- oo 3.48 | do..... 1.631...do.. L7 | Do from 16° K to 38° K and for pressures of about
6. ... 3.63 | _do___. 1.90 |-_.do____. 217 | Do. _ I )
1660 | 2.42| Do. 10, 25, 40, 60, 80, and 100 kg ecm™?, using a calori-
1660 w10 | Licaid meter so arranged that approximate constancy of
80 e . iqu . . .
Vel 3.8 |.._do___ 29 |._do_. 45| Do. pressure was maintained by manual operation of
13-7-2 ----- 4.04 |..do.... g ;‘; -~-§° ----- 48| Do valves permitting fluid to pass from the calori-
B [, . RO o Us SRR DR U . .
meter. As aresult of this experimental procedure,
e i L 480§ Liquid...jooooooneeo e the mass of hydrogen in the calorimeter was
19.______ 4.27 |.__do_____ 4.86 {___do..___ 5. 20 Do .
W0 45| _do._ 508 | __do.._. 549| Do, smaller at the higher temperatures, and conse-
S A B ol e ol D quently the accuracy of measurement is probably
............................ . _.do._... X 0 A
lower at the higher temperatures.
26 . 1
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In figure 27 are plotted Gutsche’s experimental
- data with dotted curves as drawn by Gutsche in
pis paper to represent the experimental data.
The full line curves apply only to the vapor and
were obtained by calculation from the PVT corre-
Jations of preceding sections of the paper and
specific heats in the ideal gas state, table 8. The
peavy curve shows C, for saturated vapor. The
full-line curves beginning on this heavy curve, or
saturated vapor line, sloping downward toward
the right represent the specific heats, (,, for the
vapor at pressures of 5 and 10 kg cm™.  Parts of
similar curves also based on the PVT data are
shown for 11 and for 13.41 kg cm™, the critical

. pressure.

For temperatures above the critical, the dashed

curves of Gutsche for 10, 25, and 40 kg cm™ are
uite different from the full line curves based on

PVT data. The dashed curve for the gas at 10
kg em™® is certainly incorrect at the highest
temperatures, as the actual deviation from the
ideal gas law for hydrogen is such as to increase
¢, above the approximately 5 cal deg™ mole™
of the ideal gas at these temperatures.

It is seen in figure 27 that Gutsche’s experi-
mental values for the liquid scatter considerably.
It is believed that Gutsche’s recommended values
of €, for liquid hydrogen, represented by the
dashed lines in figure 27, are too high. In figure 30
are shown two sets of isobars, £ and E’, on a
temperature-entropy diagram for liquid hydrogen.
The full-line curves, E, were calculated from
Gutsche’s €, data; the dashed curves, E’, are the
best fit for all the thermal and state data on liquid
hydrogen and are the ones used in the construc-
tion of the temperature-entropy diagram. As
(dS/dT)p=C,/T, the two sets of isobars, F and £,
imply different C,’s and show that Gutsche’s
values of C, are too high to be consistent with the
other data on liquid hydrogen. The differences
are of the order of 15 percent in the C,’s of liquid
hydrogen. The ratio C,/C, for liquid hydrogen
in equilibrium with vapor was calculated from
the velocity of sound in liquid hydrogen, and C,
was obtained by combining this calculated value
of the ratio (C,/C,), with C, from figure 26. Pitt
and Jackson [175] obtained the value 1,127 m
sec™ for the velocity of sound in liquid hydrogen
at 20.46° K. Using this with a value of (dV/dP)
extrapolated from Bartholomé’s data (VIII), one
obtains a value of 5.07 cal deg™ mole~! for C,

Properties of Hydrogen

for liquid hydrogen in equilibrium with vapor
(~1 atm) at 20.46° K.

This is slightly lower than would probably be
obtained by extrapolating Gutsche’s curves to

1 atm.
(b) D, and HD

In figure 24 the specific heats C, at saturation
pressure of liquid and solid n-D; and HD are
compared with ¢, for Hy. The D; measurements
were made by Clusius and Bartholomé [174] and
the HD measurements by Brickwedde and Scott
[150]. The solid D; data are fitted, within experi-
mental accuracy, by a Debye function with 6=
89°. The data on solid HD, however, can not be
fitted over the range of measurement with a single
value of 8. Thus © for (; of HD at 16.3° K is 79°,
whereas for 12.5° X, 6 is 98°. As the Debye
function is intended to represent (', this failure
to fit the C; data is not surprising.

In figures 25 and 26 the specific heat C, at con-
stant volume of solid and liquid D; is compared
with C, for D, and C, for H,. A Debye function
with ©=97° fits within experimental accuracy
the C, data for solid D,. This value of 6 for solid
D, may be compared with 105° for solid H,. Ac-
cording to the simple theory of lattice vibrations,
which assumes simple harmonic restoring forces
in the lattice, ® would be proportional to 1/
and the ©’s for H; and D, would be in the ratio
v4/2=1.41. The ratio of the experimental values
however, is 1.08. This is evidence that the lattice
restoring forces in solid H, and D, are strongly
anharmonic.

2. Latent Heats of Vaporization
(a) Normal Hydrogen

Simon and Lange [171] measured the heat of
vaporization of normal hydrogen at several
temperatures between the triple point and the
boiling point. They found that heat of vaporiza-
tion, in calories per mole, was given by

L,=219.7—0.27 (T—16.6)?, (9.1)
where T is the Kelvin temperature.
(b) Mixtures of 0-H; and p-H;

As orthohydrogen and parahydrogen are very
closely related, it might be expected that their
mixtures would have properties related very
simply to those of the pure components. Never-
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theless, the H, vapor-pressure data of Brickwedde
and Scott [146] given by the equations and graphs
of Section 7 show that the ortho-para H, mixtures
do not follow Raoult’s law for ideal solutions. A
simple application of the Clapeyron equation in
the form applying to a pure substance indicates
that the latent heat of vaporization and the
internal energy of the liquid and solid do not follow
a linear, but rather an approximately quadratic
dependence upon the composition. This same
qualitative result is obtained when account is
taken of change of composition by fractionation
during vaporization. Functions approximately
linear in z, the ortho mole fraction, are obtained
when Lyix— L., the difference in latent heats, and
Eoq— Enyy, the difference in the internal energy, are
divided by Zmix—2eq, the corresponding difference
in the ortho mole fraction. The subscript ‘“eq”
indicates the ortho-para mixture that is at
equilibrium at 20.4° K, containing 0.21 percent
of ortho- and 99.79 percent of parahydrogen. The
subseript “mix’’ refers to any other mixture for
which data were obtained. When the line for
AE[Az is horizontal, itindicates that ideal solution
laws apply. The line has a clear indication of
slope, as shown by the continuous lines in figure
28, indicating that ideal solution laws do mnot
apply. In the graph for AE/Az, the points for the
liquid include & contribution of about 7 percent
related to change of composition due to fractiona-
tion. The lower dashed line shows the result
when this correction is omitted. For the solid it
was thought proper to omit the correction for
this effect because departure from equilibrium
due to slowness of diffusion in the solid would
make it too uncertain. The upper dashed line
shows the result for the solid when such a correc-
tion for fractionation is included.

The use of straight lines for AE/Az, the divided
difference of the internal energy, has a theoretical
justification apart from the fact that the scattering
of individual values is so great as to obscure the
exact shape of the curve for the liquid. If the
internal energy of the liquid is a simple sum of
independent energies of different molecular pairs,
all of essentially equal probability of formation,
then the energy has the form

E=2E,,+22(1—z) E,,+(1—2)* E,,. (9.2)

In this case, the differences Eo— Enix divided
by the corresponding differences in z for the mix-
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tures of different compositions will be linearly
dependent on z. The slope of this line is 2
E,,—E,—E,, and the value of the ordinate at
T=—2¢ is 2 (E,,—E,,). From the curves in
figure 28, it will thus be found that E,,—E,, is 0.7
cal mole™! and E,,—E,, is 4.2 cal mole~! for the
liquid. For the solid the corresponding values are
0.6 cal mole™ and 5.4 cal mole™!, respectively.
The relative size of E,,—FE,, as compared to
E,,—E,, suggests that most of the deviation from
ideal solution laws is due to special effects between
0-H, molecules.

From the scattering of the points plotted, it
appears that ordinsdtes are uncertain to 0.2 or 0.3
cal mole~ for the liquid and possibly to 1 cal
mole™ for the solid. The use of the straight line
for AL/Az in figure 29 is very nearly consistent with
its use for AE/Az and is allowed within the scatter-
ing of the data. Combining the results for the
dependence upon composition with the results of
Simon and Lange for normal hydrogen, the latent
heat of vaporization of liquid hydrogen in calories

per mole is approximately
217.0—0.27 (I'—16.6)*+1.4x+2.927 (9.3)

for any mixture of o-H, and p-H,, where z is the
orthohydrogen mole fraction.
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The heats of fusion of para- and normal hydrogen
are reported in table 38 as being equal within 0.03
cal mole™!, On the basis of the two distinect
straight lines for liquid and solid hydrogen in
figure 29, it would be expected that the difference
would be about 0.7 cal mole™. The reason for
this discrepancy is not known, though it may sug-
gest that the lines for the liquid and solid should
be more nearly identical.

TaBLE 38. Latent heals of fusion

Substance Eéf;f)gf T P
cal mole-! °K mm Hg
Normal hydrogen. - oocoomoooiacoaaoos 28.0 13. 957 54.0
Parahydrogen. ... . . ____..___._ 28. 03 13. 813 52.8
Normal deuterium .. ___________________ 47.0 18.723 128.5
Hydrogen deuteride. . ___..___.________. 38.1 16. 604 92.8

The manner in which the vapor pressures
depend on composition and temperature has
formed the basis for the treatment of latent heats
of vaporization given in this section. Cohen and
Urey [166] and Schifer [164] have given theoretical
discussions of the vapor pressures of ortho and
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para H; and D,;.  Cohen and Urey did not expect
deviations from the law of perfect solutions.
Schifer suggested that forces connected with ro-
tation within the crystal lattice might account for
vapor-pressure differences.

(c) Normal Deuterium

Clusius and Bartholomé [174] measured the
heat of vaporization of normal deuterium, ob-
taining the value 302.3 cal mole™ at 19.70° K.

(d) Mixtures of 0-D; and p-D,

The difference in latent heats of vaporization
and the approximate difference in internal ener-
gies have been calculated from the vapor pressures
of the normal and the 20.4° K equilibrium mix-
tures of ortho- and paradeuterium measured by
Brickwedde, Scott, and Taylor [149]. PVT data
for deuterium as determined by Schéifer were also
used in the calculation. As there are data for
only two compositions, giving only one difference
of composition, it is not possible either to correct
for fractionation or to test for deviation from
Raoult’s Law. It seems improbable that the law
holds for deuterium, as it does not hold for hy-
drogen. The indicated differences in latent heats
of vaporization are smaller than for hydrogen.
Thus, Lyorm—ZLeq=0.3 cal mole™ for the liquid
and 1.0 cal mole™ for the solid. The same values
are obtained for the differences in internal ener-
gies, Eoq—Eyorm. Cohen and Urey [166] on the
basis of their theoretical calculations, concluded
that differences in binding energy between cor-
responding forms should be half as great for D,
as for Hy. Considering that the uncertainties in
the data for D, are comparable with the magni-
tudes themselves, the data can not be said to
conflict with the theoretical preduction.

(e) Hydrogen Deuteride

Brickwedde and Scott [146] measured the heat
of vaporization of hydrogen deuteride, obtaining
the value 257 cal mole™ at 22.54° K.

3. Latent Heats of Fusion

The latent heats of fusion of hydrogen, para-
hydrogen, normal deuterium, and hydrogen deute-
ride were measured by Simon and Lange [171],
Clusius and Hiller [172], Clusius and Bartholomé
[174], and by Brickwedde and Scott [150], respec-
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tively, and are listed in table 38 with correspond-
ing vapor pressures and temperatures.

X. The Temperature-Entropy Diagram
1. Data

Data of several different types were used in
determining the temperature-entropy diagram.
For the vapor, and for the gas below a density of
500 Amagats, values of the various quantities
were obtained by interpolation from tables 14, 22,
and 23. The particular difficulties encountered in
treating the liquid region will be evident from the

o . |
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== BASED ON DATA NOT CONSISTENT
WITH T-S DIAGRAM

=

ISOCHORES (g T

/

= FINAL POSITION ON T-S DIAGRAM

i
URATION CURVE

3 4 5 & 7
S. CAL GM™K

Figure 30. Discrepancies in the thermal data for H, in
the region of the liquid.

following discussion. Discrepancies between the
various data for the liquid are shown in figure 30,

Between the triple point and the boiling point,
the entropy of liquid normal hydrogen at satura-
tion pressure was obtained using calorimetric
data for the solid and liquid and adding a theoret-
ical value for the entropy of mixing. The result
is shown as line B in figure 30. The entropy of the
liquid was also calculated using the theoretical
entropy of the ideal gas, correcting to the state of
saturated vapor and subtracting the latent heat
of vaporization. The latent heat of vaporization
was determined in two ways—by direct calori-
metric measurement and by using vapor pressures
and other data with the Clapeyron equation.
Line 4 is based on calorimetric latent heats and
line C on latent heats from vapor pressures. At
20° K, line B indicates values 0.03 cal deg™'g™*
greater than line A and 0.08 cal deg™ g=! greater
than line C.
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Lines of constant density could be obtained for
the compressed liquid by integrating C,/T, begin-
ning at line B. Values of C, from figure 26 were
used. The results indicate that these constant
density lines are approximately parallel at a given
temperature for densities less than 500 Amagats.
Data of table 14 indicate that there is a similar
parallelism for higher densities near the critical
temperature.

Values of entropy of the liquid for various pres-
sures along the 17.34° K and 19.28° K isotherms
were obtained by integration of the equation

(dS/dP)Tzf(dV/dI’)p. (10.1)

The values used for (dV/dT), were based on
smoothed values of volume for the liquid as given
in table 32 for the temperatures 16.43° K, 18.24° K,
and 20.33° K. The constant of integration was
chosen to fit line B. From the results, a set of
constant pressure lines, of which the segment F is
typical, was obtained for various pressures. In
addition, a point that should have been on the 860
Amagat density line was obtained by interpolation
and a line D was drawn through it and through
the 860 Amagat density point on line B as deter-
mined by eq 8.1. The line marked D’ represents
the final correlation.

An unsatisfactory set of values of entropy for
the liquid along constant pressure lines was
obtained by integrating the C, data of Gutsche,
figure 27. Curves E are the results for 25 and 60
atm, while the final correlation gave curves E’.

2. Final Correlation

In the final correlation, the saturation curve B
was accepted and the isochores were considered
parallel. The isochores at high density were
given by integration of C,/7, beginning on line 5.
The isochores at intermediate density wwere
obtained by interpolation between values at high
density and values below 500 Amagats. The
interpolation was made along the 35° K isotherm
from an entropy-density plot extending from
p=860 Amagats to p=2340 Amagats.

The extension of curve B to temperatures higher
than were given by calorimetric data for the liquid
was made from the lower parts of the interpolated
isochores and the temperature-density relations
for the liquid at saturation pressure given by eq
8.1.

Journal of Research

w-w e s 4 o N e



The constant pressure lines were determined
mainly from the vapor-pressure equation and the
equation

(dS]dV)r=(dP[dT)y. (10.2)

At lower temperatures the lines were in fair
aereement with Bartholome’s PVT data, which
served to locate them more closely.

The lines of constant enthalpy were determined
from integrals of 7dS under the constant pressure
lines and were checked by integration along the
isochores based on the equation

(dH/AT),=T(dS/dT)y+ V(dS/dV)r. (10.3)

The location of the curves within the dome is
quite straightforward, as the fractionation of the
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ortho-para mixture is too small to affect these
curves significantly.

The resulting temperature-entropy diagram for
normal hydrogen is presented in composite form
in figures 31, 32, and 33. The thermal units used
are based on the calorie, the Kelvin degree, and
the gram, with pressures in atmospheres and den-
sities in Amagat units.

The diagram shows lines of constant enthalpy,
pressure and density and, in the region of coex-
istance of liquid and vapor, lines of constant
“quality.” The painstaking construction of the
curves pertaining to the liquid region, amounting
to a correlation of the data for the liquid, has been
made by Robert N. Schwartz, who has also drawn
the remainder of the diagram on the basis of the
tables of this paper.
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